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A numerical solution for the Green function is developed and shown its coincidence with analytical results. (see Fortran code given below)
The numerical method of course does not rely on the theory of Fourier or Laplace transforms to reach the solution.
For an infinite medium in one variable, the Green's function is a solution of the initial value problem
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where δ is the Dirac delta function. The solution to this problem is the fundamental solution

[image: image3.png]1 z°
B(z,t) = =)




In a finite media ( a rod of length L=a),  between say z = 0 and z=a with a source at z0= L/2 , the analytical solution is (see ref 2.)
G(z,z0,t) = (2/a) ∑m=1,∞ exp(- (πm/a)2 k t ) sin(πmz0 /a) sin(πmz /a)     (1)

By discretization of  the heat equation , the following finite difference equation results  (see Ref 3.),

G(z, t+∆t)= G(z,t) +   (∆t) k /(∆z)2 {G(z+∆z,t) -2 G(z,t)

                      +G(z-∆z,t) }                                                         (2)   

Our parameters are 
      L=a=1 meter     ,beta =k =2 m2/second  , nstep= 40         (3)

The delta function appears at the midpoint of the rod satisfying the initial conditions
G (z ,t) = 0               , when  z < L/2 -∆z    and z > L/2 +∆z     (4)

G(z,t) = 1/(2∆z)      , for                  L/2 - ∆z  ≤  z ≤ L/2 +∆z    .   
Results:
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dt,dx,nstep,ntime=  3.12500015E-005  0.0250000004 40 15999

 conv factor=  0.100000001

 final time=  0.499968767
                              x                     numerical      G(z,t) analytical

 x, utop(x,t),g=    0.0000E+00    0.0000E+00    0.0000E+00

 x, utop(x,t),g=    0.2500E-01    0.8125E-05    0.8121E-05

 x, utop(x,t),g=    0.5000E-01    0.1620E-04    0.1619E-04

 x, utop(x,t),g=    0.7500E-01    0.2417E-04    0.2416E-04

 x, utop(x,t),g=    0.1000E+00    0.3200E-04    0.3199E-04

 x, utop(x,t),g=    0.1250E+00    0.3963E-04    0.3961E-04

 x, utop(x,t),g=    0.1500E+00    0.4701E-04    0.4699E-04

 x, utop(x,t),g=    0.1750E+00    0.5411E-04    0.5408E-04

 x, utop(x,t),g=    0.2000E+00    0.6087E-04    0.6084E-04

 x, utop(x,t),g=    0.2250E+00    0.6725E-04    0.6722E-04

 x, utop(x,t),g=    0.2500E+00    0.7322E-04    0.7319E-04

 x, utop(x,t),g=    0.2750E+00    0.7874E-04    0.7871E-04

 x, utop(x,t),g=    0.3000E+00    0.8378E-04    0.8374E-04

 x, utop(x,t),g=    0.3250E+00    0.8829E-04    0.8826E-04

 x, utop(x,t),g=    0.3500E+00    0.9227E-04    0.9223E-04

 x, utop(x,t),g=    0.3750E+00    0.9567E-04    0.9563E-04

 x, utop(x,t),g=    0.4000E+00    0.9849E-04    0.9844E-04

 x, utop(x,t),g=    0.4250E+00    0.1007E-03    0.1007E-03

 x, utop(x,t),g=    0.4500E+00    0.1023E-03    0.1022E-03

 x, utop(x,t),g=    0.4750E+00    0.1032E-03    0.1032E-03

 x, utop(x,t),g=    0.5000E+00    0.1036E-03    0.1035E-03

 x, utop(x,t),g=    0.5250E+00    0.1032E-03    0.1032E-03

 x, utop(x,t),g=    0.5500E+00    0.1023E-03    0.1022E-03

 x, utop(x,t),g=    0.5750E+00    0.1007E-03    0.1007E-03

 x, utop(x,t),g=    0.6000E+00    0.9849E-04    0.9844E-04

 x, utop(x,t),g=    0.6250E+00    0.9567E-04    0.9563E-04

 x, utop(x,t),g=    0.6500E+00    0.9227E-04    0.9223E-04

 x, utop(x,t),g=    0.6750E+00    0.8829E-04    0.8826E-04

 x, utop(x,t),g=    0.7000E+00    0.8378E-04    0.8374E-04

 x, utop(x,t),g=    0.7250E+00    0.7874E-04    0.7871E-04

 x, utop(x,t),g=    0.7500E+00    0.7322E-04    0.7319E-04

 x, utop(x,t),g=    0.7750E+00    0.6725E-04    0.6722E-04

 x, utop(x,t),g=    0.8000E+00    0.6087E-04    0.6084E-04

 x, utop(x,t),g=    0.8250E+00    0.5411E-04    0.5408E-04

 x, utop(x,t),g=    0.8500E+00    0.4701E-04    0.4699E-04

 x, utop(x,t),g=    0.8750E+00    0.3963E-04    0.3961E-04

 x, utop(x,t),g=    0.9000E+00    0.3200E-04    0.3199E-04

 x, utop(x,t),g=    0.9250E+00    0.2417E-04    0.2416E-04

 x, utop(x,t),g=    0.9500E+00    0.1620E-04    0.1619E-04

 x, utop(x,t),g=    0.9750E+00    0.8125E-05    0.8121E-05

 x, utop(x,t),g=    0.1000E+01    0.0000E+00   -0.9049E-11
Fortran code

c      1 dimensional Green function  for heat equation

c  beta*d^2 u/dx^2 = du/dt

c     solved by forward difference method

c     Lscale is the length of the rod , while tscale=Lscale**2/alfa

c stability imposes the condition   beta*dt/dx**2 < 1/2

c the exact solution to the problem posed below is

c     exp(-pi**2*t)*sin(pi*x)

c     f(x)=sin(pi*x)

      dimension ubot(0:1000),utop(0:1000)

      real Lscale ,lambda

c      g(z,t)=exp(-z**2/(4.*beta*t))*(1./sqrt(4.*pi*beta*t))

      Lscale=1.

      a=lscale

      pi=2.*asin(1.)

      beta=2.

      tscale=lscale**2/beta

      nhalf=20

      nstep=2*nhalf

      dx=Lscale/float(nstep)

      dt =(1./10.)*dx**2/beta

      nstep=nint(lscale/dx)

      ntime=int(tscale/dt)

      lambda=beta*dt/(dx**2)

      print*,'dt,dx,nstep,ntime=',dt,dx,nstep,ntime

      print*,'conv factor=',beta*dt/dx**2

      print*,'  '

c boundary values

      ubot(0)=0.

      ubot(nstep)=0.

      utop(0)=0.

      utop(nstep)=0.

c initial conditions  xi=0.  , xf= Lscale source is at midpoint L/2.

      do 10 i=1,nstep-1

      x=dx*float(i)

      ubot(i)=0.

      if(i.eq.nhalf.or.i.eq.nhalf-1)ubot(i)=1./(2.*dx)

10    continue

      do 30 j=1,ntime

      t=dt*float(j)

c do 30  is the loop for  time development/ do 20 the loop for the

c      x development for a   fixed time

      do  20 i=1,nstep-1

      utop(i)=lambda*(ubot(i+1)-2.*ubot(i)+ubot(i-1))+ubot(i)

20    continue

      do 40 i=1,nstep-1

      ubot(i)=utop(i)

40    continue

30    continue

      print*,'final time=', t

      do 50 i=0,nstep

      x=dx*float(i)

      z=x

      z0=lscale/2.

      print 100 ,x , utop(i),gimage(z,z0,t,beta,a)

c     print*,' '

50    continue

100   format(1x,'x, utop(x,t),g=',3(3x,e11.4))

      stop

      end

      function gimage(z,z0,t,beta,a)

      f(z,z0,m,t)=(2./a)*exp(-(pi*float(m)/a)**2*beta*t)*sin(pi*m*z0/a)

     $*sin(pi*m*z/a)

      pi=2.*asin(1.)

      sum=0.

      sumplus=0.

      do 10  m=1,20

      sum=sum+f(z,z0,m,t)

10    continue

      gimage=sum

      return

      end

