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We give a numerical example of the Gram-Schmidt orthogonalization procedure and the corresponding FORTRAN code used.

From a set of  -s-  linearly independent vectors  

u1  , u2 ,..... us  a set of –s-orthonormalized (ON) 
vectors  e1 , e2 …..can be constructed.

For example in the the eigenvalue problem 
                   φ(x)= λ ∫ K(x,y) φ (y) dy    ,                                 (1)

where both  0 ≤x≤ 1 ,    0 ≤y ≤1    it is desirable to construct a ON basis to 

use in the  expansion  for φ (x). ( see ref 2). The basis set is chosen to 

satisfy the boundary conditions φ (0)= φ (x=1)=0   .
Let   the original basis set be un = xn (1-x)  . That is

 u1 = x (1-x)    , u2 = x2 (1-x)  , u3 = x3 (1-x) ....etc.              (2)

Define the first unit vector
e1(x) = u1 /norm(u1)                                                            (3)

where    norm(u1 )   = { ∫ ( u1)1/2 dx }1/2   , 0 ≤x≤ 1    .

Construct a provisional second vector  v2 ( not normalized)

v2 = u2 -  < u2 / e1 > e1                                                      (4)
where  one is substracting , < u2 / e1 > e1    ,the projection of  u2 
along e1 ;

< u2 / e1 > =   ∫  u2(x) e1(x)  dx                      .                  (5)  
The second ON vector is

e2(x) = v2/norm(v2)                                                    .     (6)     
Now construct a provisional vector v3  (not normalized),
v3 = u3 - < u3 / e1>  e1     -     <  u3 / e2 > e2      .         (7)
The third ON vector is

e3(x) = v3/norm(v3)                                                    .(8)

In general the n-th vector vn is given by the sum

vn = un-1 - ∑i=1 n-1  < un-1 / ei >  ei                               ( 9)
Our FORTRAN code goes step by step for the case of a 3 element basis set. It starts with set (2) and builds e1, e2 and e3 .
  The orthtonormality of the set ei  is checked for in the next results

<e1/e1> ,<e1/e2>,<e1/e3>=  0.999999881  1.43745331E-006 -4.75661909E-006

 <e2/e2> ,<e2/e3>,<e3/e3>=  0.999996841  6.74637749E-006  1.00000358

The plot of e1, e2 and e3 is given in Fig 1.

x,e1,e2,e3=    0.000E+00    0.000E+00    0.000E+00    0.000E+00

 x,e1,e2,e3=    0.167E-01    0.898E-01   -0.230E+00    0.431E+00

 x,e1,e2,e3=    0.333E-01    0.176E+00   -0.436E+00    0.779E+00

 x,e1,e2,e3=    0.500E-01    0.260E+00   -0.620E+00    0.105E+01

 x,e1,e2,e3=    0.667E-01    0.341E+00   -0.781E+00    0.126E+01

 x,e1,e2,e3=    0.833E-01    0.418E+00   -0.922E+00    0.140E+01

 x,e1,e2,e3=    0.100E+00    0.493E+00   -0.104E+01    0.149E+01

 x,e1,e2,e3=    0.117E+00    0.564E+00   -0.114E+01    0.152E+01

 x,e1,e2,e3=    0.133E+00    0.633E+00   -0.123E+01    0.152E+01

 x,e1,e2,e3=    0.150E+00    0.698E+00   -0.129E+01    0.147E+01

 x,e1,e2,e3=    0.167E+00    0.761E+00   -0.134E+01    0.139E+01

 x,e1,e2,e3=    0.183E+00    0.820E+00   -0.137E+01    0.128E+01

 x,e1,e2,e3=    0.200E+00    0.876E+00   -0.139E+01    0.115E+01

 x,e1,e2,e3=    0.217E+00    0.930E+00   -0.139E+01    0.100E+01

 x,e1,e2,e3=    0.233E+00    0.980E+00   -0.138E+01    0.841E+00

 x,e1,e2,e3=    0.250E+00    0.103E+01   -0.136E+01    0.667E+00

 x,e1,e2,e3=    0.267E+00    0.107E+01   -0.132E+01    0.486E+00

 x,e1,e2,e3=    0.283E+00    0.111E+01   -0.128E+01    0.303E+00

 x,e1,e2,e3=    0.300E+00    0.115E+01   -0.122E+01    0.120E+00

 x,e1,e2,e3=    0.317E+00    0.119E+01   -0.115E+01   -0.605E-01

 x,e1,e2,e3=    0.333E+00    0.122E+01   -0.107E+01   -0.234E+00

 x,e1,e2,e3=    0.350E+00    0.125E+01   -0.989E+00   -0.399E+00

 x,e1,e2,e3=    0.367E+00    0.127E+01   -0.897E+00   -0.553E+00

 x,e1,e2,e3=    0.383E+00    0.129E+01   -0.799E+00   -0.694E+00

 x,e1,e2,e3=    0.400E+00    0.131E+01   -0.696E+00   -0.820E+00

 x,e1,e2,e3=    0.417E+00    0.133E+01   -0.587E+00   -0.929E+00

 x,e1,e2,e3=    0.433E+00    0.134E+01   -0.474E+00   -0.102E+01

 x,e1,e2,e3=    0.450E+00    0.136E+01   -0.359E+00   -0.109E+01

 x,e1,e2,e3=    0.467E+00    0.136E+01   -0.240E+00   -0.114E+01

 x,e1,e2,e3=    0.483E+00    0.137E+01   -0.121E+00   -0.118E+01

 x,e1,e2,e3=    0.500E+00    0.137E+01    0.207E-05   -0.119E+01

 x,e1,e2,e3=    0.517E+00    0.137E+01    0.121E+00   -0.118E+01

 x,e1,e2,e3=    0.533E+00    0.136E+01    0.240E+00   -0.114E+01

 x,e1,e2,e3=    0.550E+00    0.136E+01    0.359E+00   -0.109E+01

 x,e1,e2,e3=    0.567E+00    0.134E+01    0.474E+00   -0.102E+01

 x,e1,e2,e3=    0.583E+00    0.133E+01    0.587E+00   -0.929E+00

 x,e1,e2,e3=    0.600E+00    0.131E+01    0.696E+00   -0.820E+00

 x,e1,e2,e3=    0.617E+00    0.129E+01    0.799E+00   -0.694E+00

 x,e1,e2,e3=    0.633E+00    0.127E+01    0.897E+00   -0.553E+00

 x,e1,e2,e3=    0.650E+00    0.125E+01    0.989E+00   -0.399E+00

 x,e1,e2,e3=    0.667E+00    0.122E+01    0.107E+01   -0.234E+00

 x,e1,e2,e3=    0.683E+00    0.119E+01    0.115E+01   -0.604E-01

 x,e1,e2,e3=    0.700E+00    0.115E+01    0.122E+01    0.120E+00

 x,e1,e2,e3=    0.717E+00    0.111E+01    0.128E+01    0.303E+00

 x,e1,e2,e3=    0.733E+00    0.107E+01    0.132E+01    0.486E+00

 x,e1,e2,e3=    0.750E+00    0.103E+01    0.136E+01    0.667E+00

 x,e1,e2,e3=    0.767E+00    0.980E+00    0.138E+01    0.841E+00

 x,e1,e2,e3=    0.783E+00    0.930E+00    0.139E+01    0.100E+01

 x,e1,e2,e3=    0.800E+00    0.876E+00    0.139E+01    0.115E+01

 x,e1,e2,e3=    0.817E+00    0.820E+00    0.137E+01    0.128E+01

 x,e1,e2,e3=    0.833E+00    0.761E+00    0.134E+01    0.139E+01

 x,e1,e2,e3=    0.850E+00    0.698E+00    0.129E+01    0.147E+01

 x,e1,e2,e3=    0.867E+00    0.633E+00    0.123E+01    0.152E+01

 x,e1,e2,e3=    0.883E+00    0.564E+00    0.114E+01    0.152E+01

 x,e1,e2,e3=    0.900E+00    0.493E+00    0.104E+01    0.149E+01

 x,e1,e2,e3=    0.917E+00    0.418E+00    0.922E+00    0.140E+01

 x,e1,e2,e3=    0.933E+00    0.341E+00    0.781E+00    0.126E+01

 x,e1,e2,e3=    0.950E+00    0.260E+00    0.620E+00    0.105E+01

 x,e1,e2,e3=    0.967E+00    0.176E+00    0.436E+00    0.779E+00

 x,e1,e2,e3=    0.983E+00    0.898E-01    0.230E+00    0.431E+00

 x,e1,e2,e3=    0.100E+01    0.000E+00    0.000E+00    0.000E+00

[image: image2.emf]Three ON  basis set
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FORTRAN code

c   Gram-Schmidt orthogonalization  process

c original basis set  x**i*(1.-x)

      data nstep,nbasis/6000,3/

      u1(x)=x*(1.-x)

      u2(x)=x**2*(1.-x)

      u3(x)=x**3*(1.-x)

      e1(x)=u1(x)/anorm1

      v2(x)=u2(x)-proe1u2*e1(x)

      e2(x)=v2(x)/anorm2

      v3(x)=u3(x)-proe1u3*e1(x)-proe2u3*e2(x)

      e3(x)=v3(x)/anorm3

      dx=1./float(nstep)

c do 10 finds the norm of each element in the original basis set

c computes anorm1

      sum=0.

      do 10 i=1,nstep

      x=dx*float(i)

      sum=sum+(dx/2.)*(u1(x)**2+u1(x-dx)**2)

10    continue

      anorm1=sqrt(sum)

c calculates projection of e1 onto u2

      sum=0.

      do 20 i=1,nstep

      x=dx*float(i)

      sum=sum+(dx/2.)*(e1(x)*u2(x) +e1(x-dx)*u2(x-dx) )

20    continue

      proe1u2=sum

c calculates anorm2

      sum=0.

      do 30 i=1,nstep

      x=dx*float(i)

      sum=sum+(dx/2.)*(v2(x)**2+v2(x-dx)**2)

30    continue

      anorm2=sqrt(sum)

c       calculates projection of e1/u3  , e2/u3

      sum13=0.

      sum23=0.

      do 40 i=1,nstep

      x=dx*float(i)

      sum13=sum13+(dx/2.)*(e1(x)*u3(x) +e1(x-dx)*u3(x-dx) )

      sum23=sum23+(dx/2.)*(e2(x)*u3(x) +e2(x-dx)*u3(x-dx) )

40    continue

      proe1u3=sum13

      proe2u3=sum23

c calculates anorm3

      sum=0.

      do 50 i=1,nstep

      x=dx*float(i)

      sum=sum+(dx/2.)*(v3(x)**2+v3(x-dx)**2)

50    continue

      anorm3=sqrt(sum)

c check of orthonormality

      sum11=0.

      sum12=0.

      sum13=0.

      sum22=0.

      sum23=0.

      sum33=0.

      do 60 i=1,nstep

      x=dx*float(i)

      sum11=sum11+(dx/2.)*(e1(x)**2 +e1(x-dx)**2 )

      sum12=sum12+(dx/2.)*(e1(x)*e2(x) +e1(x-dx)*e2(x-dx) )

      sum13=sum13+(dx/2.)*(e1(x)*e3(x) +e1(x-dx)*e3(x-dx) )

      sum22=sum22+(dx/2.)*(e2(x)*e2(x) +e2(x-dx)*e2(x-dx) )

      sum23=sum23+(dx/2.)*(e2(x)*e3(x) +e2(x-dx)*e3(x-dx) )

      sum33=sum33+(dx/2.)*(e3(x)*e3(x) +e3(x-dx)*e3(x-dx) )

60    continue

      print*,'<e1/e1> ,<e1/e2>,<e1/e3>=',sum11,sum12,sum13

      print*,'<e2/e2> ,<e2/e3>,<e3/e3>=',sum22,sum23,sum33

      print*,'  '

      do 70 i=0,nstep,100

      x=dx*float(i)

      print 100,x,e1(x),e2(x),e3(x)

70    continue

100   format(1x,'x,e1,e2,e3=',4(3x,e10.3))

      stop

      end

