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Reference:

1.   Schaum's outline of theory and problems of numerical analysis, (Schaum's outline series) by Francis J Scheid
The  Legendre polynomials may be expressed using Rodrigues' formula:
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The first three Legendre polynomials are
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They are defined in the range         -1  ≤  x ≤ 1  .
Let f(x) be initially defined also in the range  -1  ≤  x ≤ 1  .

The Pn(x) polynomial has n roots ,  Pn(xi ) =0. They can be used to define an 

interpolating polynomial so that

f(x) ≈  f(x1)(x-x2)(x-x3)…(x-xn)

                 ------------------------- + …..

                 (x1-x2)(x1- x3) …(x1-xn)    

   +    f(x2)(x-x1)(x-x3)…(x-xn)              f(xn)(x-x1)(x-x3)…(x-xn-1)         (1)
                 ------------------------- + …    -------------------------
                 (x2-x1)(x2- x3) … (x2-xn)        (xn-x1)(xn- x3)…(xn-xn-1)    

The interpolation polynomial on the right is of the n-1 degree.
At each root xi all terms are zero except the ith term which is equal to 
f( xi ). That is , the polynomial coincides with the given function at all root points.

The integral  becomes a sum ,
∫-1+1  f(x) dx  = ∫ ∑i  f(xi )(x-x1)(x-x3)…(x-xn)   dx                     (2)
                                       -------------------------
                                      (xi-x1)(xi- x3) … (xi-xn)            

The factors                   (x-x1)(x-x3)…(x-xn)   dx      
                                     -----------------------------                        (3)
                                      (xi-x1)(xi- x3) … (xi-xn)            

are integrated numerically and called weights  wi .

One can find tables of the roots of the Legendre polynomials with the corresponding weights.
The integration becomes the sum

∫-1+1  f(x) dx  = ∑i  f(xi) wi                                                        (4)

This is a discrete sum of perhaps at most only 16 or 32 terms.    
Example 1: Find the roots and the weights of the second degree Legendre polynomial  P2(x) =(1/2) ( 3x2 -1) .

The roots are    x1 = - 1/31/2   , x2 = + 1/31/2 =  0.57735027

The weights are calculated from
w1 =  ∫+1 -1 (x-x2)/(x1-x2) dx
      = ∫+1 -1 (x-0.57735027 ) dx / [-2(0.57735027)]
    %gauss legendre weights

root1=-.57735027;root2=0.57735027;

x=linspace(-1,+1,2000);

y= (x-root2)/(root1-root2) ;

w1=trapz(x,y)
w1 = 1.0000e+000
Both weights are exactly equal to 1.

Example 2:  Use the results of example 1 to integrate exp(x) from x =-1 to 

x= +1.

The analytic result is simply

∫-1+1  exp(x) dx = exp(1) –exp(-1)= 2.350 

Applying the sum gives
∫-1+1  f(x) dx  = ∑i  f(xi) wi = f(-.57735027) w1 +  f(+.57735027) w2 

                   =    w1 ( .561 38 + 1.781 3) 
                   =  2.343       ,

differing from the exact value by .007 .                                         

