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Reference 1: 
1. Introduction to Quantum Mechanics with Applications to Chemistry by Linus Pauling and E. Bright Wilson , (appendix V)

(FORTRAN CODE given below)

It is shown in appendix V Ref. 1 , that the potential
 Φ(r) = ∫ { Ψ1s 2( r ‘) / abs( r – r’)   } dτ’                               (1)
where Ψ1s (r) = ( a3 /π )1/2 exp(-ar)   is equal to 

Φ(r)= ( 4a3/r){ 1/( 4a3) – exp(-2ar)[ r/(4a2) +1/( 4a3) ]  }     (2)
In this exercise we solve (1) using Poison equation . The potential is  a function of the radius r. Then Poisson equation reduces to 

d2 Φ /dr2  + (2/r) d Φ/dr  = - 4π ρ(r)                                             (3) 
where  ρ(r) =  Ψ1s 2 (r)   .   
The initial condtions for eq.(3) are

Φ(0) = ∫ Ψ1s 2( r) 4 π r dr                                                      (4)

(dΦ/dr)r=0 =0                                           .                             (5)
Condition (4) follows from setting r=0 in eq.(1) . Condition (5) is obained after multiplying  (3) by r  and letting r go to zero.  
Equation (4) is solved numerically by the finite difference method.             

Φn = 2Φn-1 – Φn-2   + (∆r)2 { -(2/(r-∆r)) *(Φn-1- Φn-2)/ ∆r 

                                             -4 π ρ(r-∆r)  }          .                 (6)                                           
The results are plotted in figure 1. In our integration Φanalytical and 

Φnumerical agree to three digits.
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Figure 1.
phinum(0)=  1.99998665

 r,phi,phinum=    0.0000E+00    0.2000E+01    0.2000E+01

 r,phi,phinum=    0.1667E-02    0.2000E+01    0.2000E+01

 r,phi,phinum=    0.1183E+00    0.1941E+01    0.1940E+01

 r,phi,phinum=    0.2350E+00    0.1812E+01    0.1810E+01

 r,phi,phinum=    0.3517E+00    0.1657E+01    0.1655E+01

 r,phi,phinum=    0.4683E+00    0.1500E+01    0.1498E+01

 r,phi,phinum=    0.5850E+00    0.1352E+01    0.1350E+01

 r,phi,phinum=    0.7017E+00    0.1218E+01    0.1216E+01

 r,phi,phinum=    0.8183E+00    0.1100E+01    0.1098E+01

 r,phi,phinum=    0.9350E+00    0.9966E+00    0.9950E+00

 r,phi,phinum=    0.1052E+01    0.9069E+00    0.9054E+00

 r,phi,phinum=    0.1168E+01    0.8292E+00    0.8278E+00

 r,phi,phinum=    0.1285E+01    0.7619E+00    0.7606E+00

 r,phi,phinum=    0.1402E+01    0.7035E+00    0.7023E+00

 r,phi,phinum=    0.1518E+01    0.6525E+00    0.6514E+00

 r,phi,phinum=    0.1635E+01    0.6078E+00    0.6068E+00

 r,phi,phinum=    0.1752E+01    0.5686E+00    0.5676E+00

 r,phi,phinum=    0.1868E+01    0.5338E+00    0.5329E+00

 r,phi,phinum=    0.1985E+01    0.5029E+00    0.5020E+00

 r,phi,phinum=    0.2102E+01    0.4753E+00    0.4745E+00

 r,phi,phinum=    0.2218E+01    0.4504E+00    0.4497E+00

 r,phi,phinum=    0.2335E+01    0.4281E+00    0.4273E+00

 r,phi,phinum=    0.2452E+01    0.4078E+00    0.4071E+00

 r,phi,phinum=    0.2568E+01    0.3893E+00    0.3886E+00

 r,phi,phinum=    0.2685E+01    0.3724E+00    0.3718E+00

 r,phi,phinum=    0.2802E+01    0.3569E+00    0.3563E+00

 r,phi,phinum=    0.2918E+01    0.3426E+00    0.3421E+00

 r,phi,phinum=    0.3035E+01    0.3295E+00    0.3289E+00

 r,phi,phinum=    0.3152E+01    0.3173E+00    0.3168E+00

 r,phi,phinum=    0.3268E+01    0.3060E+00    0.3055E+00

 r,phi,phinum=    0.3385E+01    0.2954E+00    0.2949E+00

 r,phi,phinum=    0.3502E+01    0.2856E+00    0.2851E+00

 r,phi,phinum=    0.3618E+01    0.2764E+00    0.2759E+00

 r,phi,phinum=    0.3735E+01    0.2677E+00    0.2673E+00

 r,phi,phinum=    0.3852E+01    0.2596E+00    0.2592E+00

 r,phi,phinum=    0.3968E+01    0.2520E+00    0.2515E+00

 r,phi,phinum=    0.4085E+01    0.2448E+00    0.2443E+00

 r,phi,phinum=    0.4202E+01    0.2380E+00    0.2375E+00

 r,phi,phinum=    0.4318E+01    0.2316E+00    0.2311E+00

 r,phi,phinum=    0.4435E+01    0.2255E+00    0.2250E+00

 r,phi,phinum=    0.4552E+01    0.2197E+00    0.2192E+00

 r,phi,phinum=    0.4668E+01    0.2142E+00    0.2137E+00

 r,phi,phinum=    0.4785E+01    0.2090E+00    0.2084E+00

 r,phi,phinum=    0.4902E+01    0.2040E+00    0.2035E+00

 r,phi,phinum=    0.4902E+01    0.2040E+00    0.1994E+00
Fortran code

c  potential through Poisson's equation   may 13,2008

      data nstep,a, epsi/3000, 2.,1.e-4/

      dimension phinum(0:5000)

      psi1s(r)=sqrt(a**3/pi)*exp(-a*r)

      phi(r)=( (4.*a**3)/r)* ( 1./(4.*a**3) - exp(-2.*a*r)*

     $ ( r/(4.*a**2) + 1./(4.*a**3)) )

      rho(r)=psi1s(r)**2

      f1(r)=4.*pi*r*rho(r)

      pi=2.*asin(1.)

      rf=10./a

      dr=rf/float(nstep)

c calculates Phinum(r=0)

      sum=0.

      do 10 i=1,nstep

      r=dr*float(i)

      sum=sum+(dr/2.)*(f1(r)+f1(r-dr))

10    continue

c initial conditions

      phinum(0)=sum

      phinum(1)=phinum(0)

      print*,'phinum(0)=',phinum(0)

c solution of Poisson eq by finite difference

      do 20 i=2,nstep

      r=dr*float(i)

      phinum(i)=2.*phinum(i-1)-phinum(i-2)+dr**2*( (-2./(r-dr))*

     $ (phinum(i-1)-phinum(i-2))/dr -4.*pi*rho(r-dr) )

20    continue

c print phi theor  and phi num

      print 100 ,0., phi(epsi),phinum(0)

      do 30 i=1,nstep,70

      r=dr*float(i)

      print 100 ,r, phi(r),phinum(i)

30    continue

      print 100 ,r, phi(r),phinum(nstep)

100   format(1x,'r,phi,phinum=',3(3x,e11.4))

      stop

      end

