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The eigenvalue problem 
                   φ(x)= λ ∫ K(x,y) φ (y) dy    ,                                 (1)

where both 0 ≤x≤ 1≤ ,    0 ≤y ≤1    is solved here using an orthogonal basis set expansion  for φ (x).

It is shown in ref 1 page 116-117  that the integral equation with the triangular  kernel

K(x,y) =    (1-x) y         ( 0 ≤  y  ≤ x   ≤ 1 )           (2)
K(x,y)=  x(1-y)         ( 0 ≤  x  ≤ y  ≤ 1 )              
is equivalent to the differential equation

d2 φ/dx2 + λφ(x) = 0.                                           .  (3)
The normalized solutions of (3) with boundary conditions 

  φ(x=0) = φ(x =1) = 0   , are

                       φn (x)  = (2)1/2 sin (n π x )           .   (4)

The eigenvalues are   

                                 λn = (n π)2  , n=1,2,3…        . (5)
The unknown function  φ(x) is expanded in terms of a three element orthogonal basis set.
φ(x) = c1 η1(x)  + c2 η2(x) + c3 η3(x)                     (6)
where   η1(x)  = x (1-x)                                          (7-a)
             η2(x)  = x(1-x)(1-2x)                                 (7-b)               
             η3(x)  = x(1-x)(1-4.642x + 4.642x2 )     .   (7-c) 
Inserting (6) in (1) and dividing by λ results in
c1 η1(x)/ λ  + c2 η2(x)/ λ + c3 η3(x) / λ
    =∫ K(x,y) {c1 η1(y)  + c2 η2(y) + c3 η3(y)} dy       (8)  
Mutltiplying by  η1(x) and integrating over x, from 0 to 1 yields

the matrix elements equation for the first row

c1 S11 / λ     =  k11 c1      + k12 c2 +  k13 c3                  (9)  
where   S11 =   =∫ η1(x)2 dx   and

 ki j =  =∫ K(x,y) ηi(x) ηj(y)dx dy                           . ( 10)
Multiplying eq ( 8) by η2(x) and η3(x) and integrating results in two more equations.
Equation (1) has been cast in matrix form .
c1 S11 / λ  -    k11 c1    - k12 c2  -  k13 c3 = 0           (11)        

c2 S22 / λ  -    k21 c1    - k22 c2  -  k23 c3 = 0

c3 S33 / λ  -    k31 c1    - k32 c2  -  k33 c3 = 0.

Dividing the i-th row by Sii  simplifies the linear system to 
c1  / λ  -   (1/S11)[ k11 c1    + k12 c2  +  k13 c3 ] = 0           (11)        

c2 / λ   -   (1/S22)[ k21 c1    + k22 c2  +  k23 c3 ]= 0

c3 / λ   -     (1/S33)[ k31 c1    + k32 c2  +  k33 c3 ]= 0.

The matrix to be diagonalized is the 3x3  matrix A defined by 

A =  k11 /S11     k12 / S11    k13/ S11                             (12)
           k21 /S22      k22 / S22    k23/ S22 

         k31 /S33      k32 / S33    k33/ S33 
Results.
The matrix S is ,
Sij=

   0.33333E-01  -0.10007E-08   0.17619E-03        (13)
  -0.10007E-08   0.47619E-02  -0.25347E-10

   0.17619E-03  -0.25347E-10   0.12225E-02

The elements  of ki j are,

 ni,nj,kij= 1 1  0.00337303267                      (14)
 ni,nj,kij= 1 2 -4.5175072E-011

 ni,nj,kij= 1 3 -4.10064695E-006

 ni,nj,kij= 2 1  6.99326153E-011

 ni,nj,kij= 2 2  0.000119052893

 ni,nj,kij= 2 3  8.83462834E-012

 ni,nj,kij= 3 1 -4.10076564E-006

 ni,nj,kij= 3 2 -4.45486183E-012

 ni,nj,kij= 3 3  1.32159457E-005

 kij=

   0.33730E-02  -0.45175E-10  -0.41006E-05

   0.69933E-10   0.11905E-03   0.88346E-11

  -0.41008E-05  -0.44549E-11   0.13216E-04

The elements of matrix A are ,
Aij=

   0.10119E+00  -0.13553E-08  -0.12302E-03           (16)
   0.14686E-07   0.25001E-01   0.18553E-08

  -0.33545E-02  -0.36441E-08   0.10811E-01
Using Matlab the eigenvalues of the reciprocal 1/λ are found 
MATLAB

% eigenvalues of a matrix

A=[.10119, 0.,-.12302e-3 ;  0., .2500e-1,0. ;...

        -.33545e-2,0.,.10811e-1];

eig(A)

 ans =

    1.011945657701871e-001                             (17)
    1.080643422981287e-002

    2.500000000000000e-002
The reciprocals of these eigenvalues are the λ values ,we get
9.8819  , 92.537 ,   40.00 .  
Th exact eigenvalues are  from eq .(5),

9.8696   ,  39.478  ,  88.826
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      real Linv , lambda ,kij

      dimension s(5,5) ,kij(5,5) ,coef(5,5), a(5,5)

c  eigenvalues are (n*pi)**2

      data nstep ,norder/300,3/

      equivalence (dx,dy)

      pi=2.*asin(1.)

c      print*,'L1 ,L2,L3=',pi**2 ,4.*pi**2 ,9.*pi**2

      dx=1./float(nstep)

c create matrix Sij

      do 10 i=1,norder

      do 10  j=1,norder

      call overlap(i,j,dx,nstep,sum)

      s(i,j)=sum

10    continue

      print*,'Sij='

      print 100,((s(i,j),j=1,norder),i=1,norder)

c create matrix kij

      print*,'  '

      do 20 i=1,norder

      do 20  j=1,norder

      call akij(i,j,dx,nstep,sum)

      kij(i,j)=sum

20    continue

      print*,'   '

      print*,'kij='

      print 110,((kij(i,j),j=1,norder),i=1,norder)

c creates matrix Aij = kij/Sii

      print*,'   '

      print*,'Aij='

      do 30 i=1,norder

      do 30 j=1,norder

      A(i,j)=kij(i,j)/S(i,i)

30    continue

      print 110 ,((A(i,j),j=1,norder),i=1,norder)

c find eigenvalues of Linverse

100   format(3(2x,e11.4))

110   format(3(2x,e11.4))

      stop

      end

      subroutine overlap(ii,jj,dx,nstep,sij)

      base1(u)=u*(1.-u)

c      base1(u)=sin(pi*u)

      base2(u)=u*(1.-u)*(1.-2.*u)

      base3(u)=u*(1.-u)*(1.-4.64*u+4.64*u**2)

      pi=2.*asin(1.)

      sum=0.

      do 10 i=1,nstep

      x=dx*float(i)

      if(ii.eq.1)basei=base1(x)

      if(ii.eq.2)basei=base2(x)

      if(ii.eq.3)basei=base3(x)

      if(jj.eq.1)basej=base1(x)

      if(jj.eq.2)basej=base2(x)

      if(jj.eq.3)basej=base3(x)

      sum=sum+dx*basei*basej

10    continue

      sij=sum

      return

      end

      subroutine akij(ni,nj,dx,nstep,sum)

      base1(u)=u*(1.-u)

c      base1(u)=sin(pi*u)

      base2(u)=u*(1.-u)*(1.-2.*u)

      base3(u)=u*(1.-u)*(1.-4.64*u+4.64*u**2)

      pi=2.*asin(1.)

      dy=dx

      sum=0.

      do  10  i=1,nstep

      x=dx*float(i)

      do  10  j=1,nstep

      y=dy*float(j)

      if(ni.eq.1)basei=base1(x)

      if(ni.eq.2)basei=base2(x)

      if(ni.eq.3)basei=base3(x)

      if(nj.eq.1)basej=base1(y)

      if(nj.eq.2)basej=base2(y)

      if(nj.eq.3)basej=base3(y)

      if(x.ge.y)then

      sum=sum+(dx**2)*( (1.-x)*y*basei*basej )

c       sum=sum+(dx**2)*( (1.-x)*y*sin(pi*x)*sin(pi*y) )

      endif

      if(x.lt.y)then

      sum=sum+(dx**2)*( x*(1.-y)*basei*basej )

c       sum=sum+(dx**2)*( x*(1.-y)*sin(pi*x)*sin(pi*y) )

      endif

10    continue

      print*,'ni,nj,kij=',ni,nj,sum

      return

      end

