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Reference:
1. Schaum's Outline of Theory and Problems of Differential Equations (Schaum's Outline Series) by Frank Ayres (Paperback - 1952) , Chap. 6
The differential equation (DE)   
  dy/dx   + P(x)  y = Q(x)                   (1)

has the general solution (also called the  primitive)

y exp ( ∫ P(x) dx ) = ∫ Q(x) ∙ exp( ∫ P(x) dx ) dx   + C                  (2) 

The constant C is determined by the initial condition y(x0) = y0 

The integral ∫ P(x) dx ) is to be carried out without introducing integration constants.
Example 1: The DE is   dy/dx + (2x) y = 4x   ; P(x) =2x   ; Q(x) =4x 

 ∫ P(x) dx = ∫ 2x dx  = x2                                       (a)

∫ Q(x) ∙ exp( ∫ P(x) dx ) dx =  ∫ (4x) exp(x2) dx =   2 exp(x2)     (b)

Inserting (a) ,(b) in    (2) gives

y exp( x2)   =2 exp( x2)  + C     or   

y =  2 +  C exp(-x2 )                                          (c)

If for example  , the IC is  y(x0=0) = 0   , then C = -2   and the particular solution is y =  2 -2  exp(-x2 )  .                                        

Example 2.     (driven RL circuit)

                    L di/dt  + R i  = V0 sin (ω t)

Let i → y   , t → x ,   P(x) = R/L    , Q(x) = V0 /L  .

Then ∫ P(x) dx = ∫ ( R/L)dt =(Rt/ L)  , exp(∫ P(x) dx) = exp(Rt/L) and
∫ Q(x) ∙exp ( ∫ P(x) dx ) dx =  ∫(V0 /L) sin (ω t) exp (Rt/ L) dt 

 =     

Use MATLAB or a table to integrate the last expression.
% RL circuit

syms t v0 w  R  L;

f=(v0/L)*sin(w*t)*exp(R*t/L) ;

g=int(f,t)

g =

v0/L*(-w/(R^2/L^2+w^2)*exp(R*t/L)*cos(w*t)+R/L/(R^2/L^2+w^2)*exp(R*t/L)*sin(w*t))

>>
Call   (R/L) = 1/τ   ,  den = 1/ τ2 + ω2 ~ 1/time2 
Substitution in  y exp ( ∫ P(x) dx ) = ∫ Q(x) ∙ exp( ∫ P(x) dx ) dx   + C   gives,
 i *exp (t/ τ) = exp(t/τ) (V0/L)*[ (ω/den)*cos(ωt) +(1/(τ*den))*sin (ωt)]
                              + C
Solving for i(t)

i(t) = (V0/L)*[ (ω/den)*cos(ωt) +(1/(τ*den))*sin (ωt)]

      +          C exp(-t/ τ)

Applying the initial condition defines the constant C

i(t=0) = i0 = (V0/L) (ω/den) + C .
Thus C= i0 - (V0/L) (ω/den).

Finally

i(t) = (V0/L)*[ (ω/den)*cos(ωt) +(1/(τ*den))*sin (ωt)]

      +       { i0 - (V0/L) (ω/den) }  exp(-t/ τ)

******                                      *****     ******
Example 3:

 m d2 s/dt2 + k (ds/dt) = - mg 
Let ds/dt = v

Then 

dv/dt + (k/m) v = - g   is a first order DE.

Let P(t)= k/m   ,  Q(t) =- g

Calculate ∫ P(t) dt = (k/m) t    then exp(∫ P(t) dt) = exp(kt/m)
∫ Q(t) exp( (k/m)t) dt = ∫ -g exp( k t/m) dt
          = - (mg/k) exp(  kt /m)    .
Substitute in 
y exp ( ∫ P(x) dx ) = ∫ Q(x) ∙exp ( ∫ P(x) dx ) dx   + C                  
v exp(kt/m)   = - (mg/k) exp(  kt /m)    + C

or

v(t) =  -mg/k + C exp(-kt/m)

Applying the IC     v(t=0) = v0  gives

v0 = -mg/k + C  ; thus   C= mg/k + v0 

The velocity is

v(t)  = -mg/k  + (mg/k + v0) exp(-kt/m).

If v0 =0 , v(t) = -(mg/k) { 1 – exp(-kt/m) }
