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Figure 1.

We solve numerically the equations of motion for two coupled oscillators

assuming first that the coupling is linear and in a second case that the coupling is non linear. 
The eigenfrequencies are sought by integrating any of the solutions

sum1(ω)= ∫ cos(ωt) x1(t) dt              ,    0   ≤   t ≤  t large 

sum2(ω)= ∫ cos(ωt) x2(t) dt              ,    0   ≤   t ≤  t large 

for al large selection of ω.
In figure 2. , sum14 and sum24 are plotted against ω. For the eigenfrequencies there are peaks in the integrals.
 Linear system
The Lagrangian of the linear system is

L = T-U = (1/2) m (dx1/dt)2 + (1/2) m (dx2/dt)2  

        - (1/2)k (x1)2 - (1/2)k (x2)2 – (1/2)kc (x1 – x2)2              .    (1)

The equations of motion are 

d ( ∂L/∂vi )/dt  = ∂L/∂xi        i =1,2  ,   vi = dxi /dt                .      (2)

Which gives

d2 x1/dt2 = (1/m1) { - k x1 – kc (x1-x2)  }           ,                  (3)

d2 x2/dt2 = (1/m2) { - k x2 – kc (x2-x1)  }            .                   (4)
Approximating the second derivatives by  finite differences the solutions to (3) and (4) are

x1(n) = 2x1(n-1) – x1(n-2) + 

            (∆t)2 [(1/m1) { - k x1(n-1)– kc (x1(n-1)-x2(n-1))  } ]           (5)

and 

x2(n) = 2x2(n-1) – x2(n-2) + 

            (∆t)2 [(1/m1) { - k x2(n-1)– kc (x2(n-1)-x1(n-1))  } ]  .    (6) 
(dimensions  m~ kg , x ~ meters ,  k~ N/m  , kc ~ N/m)  
The physical data is k=kc =   1M/m  , m1=m2 = 1kg  .
We choose the initial conditions x1(0)= 0.1 m  x2(0)=0.  ,dx1/dt=0.
dx2/dt= 0.

In the analytical solution one postulates a given mode where all xi oscillate with the same frequency ω .
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The solutions  consist in finding both  ω and the relative values A1  and A2 this is an  eigenvalue problem that leads to the matrix eqaution
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The determinant of the matrix must vanish ; a requirement that gives the characteristic equation
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The roots are  ω1 =(k/m)1/2      ,          ω2 =(3k/m)1/2  and since k=1N/m ,m=1kg

ω1 = 1 rad/s   ,  ω2 =(3)1/2 rad/s   .                                                    (10)
Substitution of the first root ω1 = 1     gives (1-2) A1 + A2 = 0

or A1 = A2  for the first mode. The actual value would depend on the initial conditions for 

x1(0) , x2(0) , dx1(0)/dt  and dx2(0)/dt   .
Substitution of the second  root ω2 = (3)1/2 ,   gives (3-2) A1 + A2 = 0

or A1 =- A2  for the second mode.    

Trajectory of x1(t) and x2(t)  (solving (5) and (6) )with the initial conditions x1(0)= 0.1 m  x2(0)=0.  ,dx1/dt=0,   dx2/dt= 0.
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Figure 2.  Shows peaks of sum14 and sum24  at the eigenfrequencies ω1 ≈ 1 ,  ω2  ≈ 1.7
To find the mode coefficients A1 and  A2 one can develop a set of linear equations from appropriate definite integrals of the form

∫xi(t) cos(ωjt) dt    and   ∫cos(ωit) cos(ωjt)dt .
We know at this stage the numerical solutions of x1(t)  , x2(t)   and the eigenfrequencies ω1 

and ω2 .
x1(t)  = C11 cos(ω1 t) +  C12 cos( ω2t )                      (11  -a)

x2(t)  = C21 cos(ω1 t) +  C22 cos( ω2t )   .                  (11 - b).
The coefficients of the first mode are C11 and C21  while those of the second mode are  C12 and C22.  Multiply eq 11-a first by cos (ω1 t) and then by 

cos( ω2t )    and  integrating say for      0 ≤ t ≤ 15 s gives 
∫x1(t) cos(ω1 t) dt = C11 ∫ cos(ω1 t) cos(ω1 t)dt  +  C12 ∫ cos( ω2t ) cos(ω1 t)dt                     

∫x1(t) cos(ω2 t) dt = C11 ∫ cos(ω1 t) cos(ω2 t)dt  +  C12 ∫ cos( ω2t ) cos(ω2 t)dt                     

                                                                                                         (12)

 This defines two equations
b11 = S11 C11 + S12 C12                                                                 (13)

b12 = S21 C11 + S22 C12 .
Carrying the same procedure for x2(t)  gives  
∫x2(t) cos(ω1 t) dt = C21 ∫ cos(ω1 t) cos(ω1 t)dt  +  C22 ∫ cos( ω2t ) cos(ω1 t)dt                     

∫x2(t) cos(ω2 t) dt = C21 ∫ cos(ω1 t) cos(ω2 t)dt  +  C22 ∫ cos( ω2t ) cos(ω2 t)dt                     

or 
b21 = S11 C21 + S21 C22                                                                 (14)

b22 = S21 C21 + S22 C22 .
The subroutine      coeff(x1,x2,wroot1,wroot2,nstep,dt) calculates the mode coefficients. The results are summarized next 

The first mode coefficients are c11= .05 meters c21 =.05 meters  . The second mode coefficients are  c12=.05 meters  c22=.05 meters.
The first mode :
x1(t) =c11cos(ω1 t) ,  x2(t) = c21cos( ω1 t)                      (15)

        =.05 cos(ω1 t) ,    x2(t) = .05cos( ω1 t)   .                    

with only one frequency. Define q1 = x1  + x2 and 

 dq1 /dt = dx1/dt + dx2/dt
The energy of the first mode is 
E1(t)= (1/2) m (dx1/dt)2 + (1/2) m (dx2/dt)2  

        + (1/2)k (x1)2 + (1/2)k (x2)2 +(1/2)kc (x1 – x2)2   gives

     =  (dq1 /dt)2 +  (ω1 q1)2 

     = (dq1 /dt)2 + (q1)2 ,                                                       (16)

since  ω1 =1.
The energy of this mode can be found from inserting the values of c11and c21 and evaluating E1(t=0).This gives  dq1 /dt = 0 and
E1(0) = 0 +(1/2)(c11)2 + (1/2) (c21)2 +(1/2) (c11 – c21)2   
          = (c11)2 = .0025 joules

Also E1(t)=constant= .0025 joules
    The second  mode :
x1(t) =c12cos(ω2 t) ,  x2(t) = c22cos( ω2 t)                      (17)

        =.05 cos(ω1 t) ,    x2(t) = -.05cos( ω1 t)   .                    

with only one frequency. Define q2 = x1  - x2 and 

 dq2 /dt = dx1/dt - dx2/dt

Sustitution in

E2(t)= (1/2) m (dx1/dt)2 + (1/2) m (dx2/dt)2  

        + (1/2)k (x1)2 + (1/2)k (x2)2 +(1/2)kc (x1 – x2)2   gives

     =  (dq2 /dt)2 +  (ω2 q2)2 

     = (dq2 /dt)2 + 3(q2)2                                                       (18)    
 The energy of this mode can be found from inserting the values of c12 and c22 and evaluating E2(t=0).This gives  dq2 /dt = 0 and

E2(0) = 0 +(1/2)(c12)2 + (1/2) (c22)2 +(1/2) (c12 – c22)2   .

But c22=-c12   so,

 E2(0)         = 3(c12)2 = .0075 joules

and also E2(t)=constant=.0075 joules

The total energy is

E = E1  + E2 = .0100 joules                                            (19)
We can calculate Etotal using the original coordinates and the initial conditions

Etotal = (1/2)(x1)02 + (1/2)(x2)02 +(1/2) ( x1 – x2)2 0  

        = (/12)(.1)2   + 0               +(1/2)( .1-0)2 
        = (.1)2 = .01  joules

In general the total energy of a linear system of coupled oscillators
with equal masses and force constants k,can be expressed as sum over the modes 

E total = ∑ n { (dqn/dt)2 + (ωn qn)2 }              .                     (20)
Run for the modes 
 tf=  14.9980011

 b11,b12=  0.327338904  0.346729577

 b21,b22=  0.397928596 -0.417519003

 s11,s12,s21,s22=  7.25184679 -0.707477212 -0.707477212  7.64233541

 c11,c12=  0.0500165857  0.0499997921

 c21,c22=  0.0499944016 -0.0500042289
FORTRAN code

c coupled oscillators linear and non linear cases    may 23, 2008

c determination of coeff c11 c12 where x1=c11cos(w1*t+phi1)+c12*

c cos(w2*t+phi2)   setting all  phi equal to zero

      real k ,kc ,m1,m2

      data m1,m2, k , kc /1.,1.,1.,1./

      dimension x1(0:20000) , x2(0:20000)

      xone(t)=c1*cos(omega1*t+phi1)+c2*cos(omega2*t+phi2)

      xtwo(t)=c1*cos(omega1*t+phi1)-c2*cos(omega2*t+phi2)

      omega1=1.

      omega2=sqrt(3.)

      tscale1=sqrt(m1/k)

      tscale2=sqrt(m2/k)

      tscale3=sqrt(m1/kc)

      tscale4=sqrt(m2/kc)

      tlarge=amax1(tscale1,tscale2,tscale3,tscale4)

      tsmall=amin1(tscale1,tscale2,tscale3,tscale4)

      dt=tsmall/500.

      tfinal=15.*tlarge

      nstep=int(tfinal/dt)

      kp=int(float(nstep)/70.)

      kount=kp

c      print*,'tlarge,tsmall,dt,nstep',tlarge,tsmall,dt,nstep

      print*,'  '

c     initial conditions

      x1(0)=0.1

      x1(1)= x1(0)

      x2(0)=0.

      x2(1)=x2(0)

      phi1=0.

      phi2=0.

      c1=x1(0)/2.

      c2=c1

c      print*,'t,x1,x2='

      print*,'   '

      print 100 ,0.,x1(0),x2(0)

      do 10 n=2,nstep

      t=dt*float(n)

      x1(n) = 2.*x1(n-1)-x1(n-2) +

     $dt**2*(1./m1)*( - k*x1(n-1)- kc*( x1(n-1)-x2(n-1))  )

      x2(n) = 2.*x2(n-1)-x2(n-2) +

     $dt**2 *(1./m2)* ( -k*x2(n-1)- kc*(x2(n-1)-x1(n-1))  )

      if(n.eq.kount)then

c      print 100 ,t ,x1(n),x2(n)

      kount=kount+kp

      endif

10    continue

100   format(3(3x,e10.3))

      wi=0.8

      wf=2.

      nw=30

      print*,'   '

c determines the charcteristic frequencies omega

c      call spectra(x1,x2,wi,wf,nw,nstep,dt)

c determines the coefficients x1= c11cos(w1*t) + c12*cos(w2*t)

      wroot1=1.

      wroot2=sqrt(3.)

      call coeff(x1,x2,wroot1,wroot2,nstep,dt)

      stop

      end

      subroutine spectra(x1,x2,wi,wf,nw,nstep,dt)

      dimension x1(0:20000) , x2(0:20000)

      f1(t,i)=cos(w*t)*x1(i)

      f2(t,i)=cos(w*t)*x2(i)

      dw=(wf-wi)/float(nw)

      w=wi

      do 10 iw=1,nw

      sum1=0.

      sum2=0.

      do 20 i=1,nstep

      t=dt*float(i)

      sum1=sum1+(dt/2.)*(f1(t,i)+f1(t-dt,i-1))

      sum2=sum2+(dt/2.)*(f2(t,i)+f2(t-dt,i-1))

20    continue

      print 100 ,w,sum1**4,sum2**4

      w=w+dw

10    continue

100   format(2x,'w,Sum1**4,sum2**4=',3(4x,e10.3))

      return

      end

      subroutine coeff(x1,x2,wroot1,wroot2,nstep,dt)

      dimension x1(0:20000) , x2(0:20000)

      f1(t,i)=cos(wroot1*t)*x1(i)

      f2(t,i)=cos(wroot2*t)*x1(i)

      f3(t,i)=cos(wroot1*t)*x2(i)

      f4(t,i)=cos(wroot2*t)*x2(i)

      sij(w1,w2,t)=cos(w1*t)*cos(w2*t)

      pi=2.*asin(1.)

      sum1=0.

      sum2=0.

      sum3=0.

      sum4=0.

      s11=0.

      s12=0.

      s22=0.

      do 20 i=1,nstep

      t=dt*float(i)

      sum1=sum1+(dt/2.)*(f1(t-dt,i-1)+f1(t,i))

      sum2=sum2+(dt/2.)*(f2(t-dt,i-1)+f2(t,i))

      sum3=sum3+(dt/2.)*(f3(t-dt,i-1)+f3(t,i))

      sum4=sum4+(dt/2.)*(f4(t-dt,i-1)+f4(t,i))

      s11=s11+(dt/2.)*(sij(wroot1,wroot1,t-dt)+sij(wroot1,wroot1,t))

      s12=s12+(dt/2.)*(sij(wroot1,wroot2,t-dt)+sij(wroot1,wroot2,t))

      s22=s22+(dt/2.)*(sij(wroot2,wroot2,t-dt)+sij(wroot2,wroot2,t))

20    continue

      c11= (sum1*s22-sum2*s12)/(s11*s22-s12**2)

      c12=(s11*sum2-s12*sum1)/(s11*s22-s12**2)

      c21= (sum3*s22-sum4*s12)/(s11*s22-s12**2)

      c22= (s11*sum4-s12*sum3)/(s11*s22-s12**2)

      print*,'tf=',nstep*dt

      print*,'b11,b12=',sum1,sum2

      print*,'b21,b22=',sum3,sum4

      print*,'s11,s12,s21,s22=',s11,s12,s12,s22

      print*,'c11,c12=',c11,c12

      print*,'c21,c22=',c21,c22

      return

      end

