Eigenfrequencies of Coupled Oscillators by Numerical Methods (Part 1)

by Reinaldo Baretti Machín

www.geocities.com/serienumerica3
www.geocities.com/serienumerica2
www.geocities.com/serienumerica
reibaretti2004@yahoo.com



Refrerences:

1. http://online.redwoods.edu/instruct/darnold/deproj/Sp00/SeanAlex/finalpaper.pdf
2. Classical Mechanics (3rd Edition) by Herbert Goldstein, Charles P. Poole, and John L. Safko
3. Classical Mechanics: 2nd Edition by H.C. Corben and Philip Stehle
4. Classical Dynamics of Particles and Systems by Stephen T. Thornton and Jerry B. Marion
5. 5. The Fermi – Pasta- Ulam problem Periodic orbits, localization in normal mode space, and the Fermi–Pasta–Ulam problem  
[image: image2.png]




 HYPERLINK "http://scitation.aip.org/vsearch/servlet/VerityServlet?KEY=AJPIAS&possible1=Flach%2C+S.&possible1zone=author&maxdisp=25&smode=strresults&aqs=true" S. Flach, M. V. Ivanchenko, O. I. Kanakov, and K. G. Mishagin
6. http://en.wikipedia.org/wiki/Normal_mode
7. Spectral Resolution of the Double Pendulum http://www.geocities.com/serienumerica2/Spectradoublependulum.doc
8. Course of Theoretical Physics : Mechanics (Course of Theoretical Physics) by E M Lifshitz and L D Landau (Paperback - Jan 1, 1982)

9. Theoretical Physics (Dover Phoenix Editions) by A. S. Kompaneyets (Hardcover - Feb 20, 2003)
(FORTRAN code provided)
[image: image3.png]



Figure 1.

We solve numerically the equations of motion for two coupled oscillators

assuming first that the coupling is linear and in a second case that the coupling is non linear. 
The eigenfrequencies are sought by integrating any of the solutions

sum1(ω)= ∫ cos(ωt) x1(t) dt              ,    0   ≤   t ≤  t large 

sum2(ω)= ∫ cos(ωt) x2(t) dt              ,    0   ≤   t ≤  t large 

for al large selection of ω.
In figure 2. , sum14 and sum24 are plotted against ω. For the eigenfrequencies there are peaks in the integrals.
I - Linear system
The Lagrangian of the linear system is

L = T-U = (1/2) m (dx1/dt)2 + (1/2) m (dx2/dt)2  

        - (1/2)k (x1)2 - (1/2)k (x2)2 – (1/2)kc (x1 – x2)2              .    (1)

The equations of motion are 

d ( ∂L/∂vi )/dt  = ∂L/∂xi        i =1,2  ,   vi = dxi /dt                .      (2)

Which gives

d2 x1/dt2 = (1/m1) { - k x1 – kc (x1-x2)  }           ,                  (3)

d2 x2/dt2 = (1/m2) { - k x2 – kc (x2-x1)  }            .                   (4)
Approximating the second derivatives by  finite differences the solutions to (3) and (4) are

x1(n) = 2x1(n-1) – x1(n-2) + 

            (∆t)2 [(1/m1) { - k x1(n-1)– kc (x1(n-1)-x2(n-1))  } ]           (5)

and 

x2(n) = 2x2(n-1) – x2(n-2) + 

            (∆t)2 [(1/m1) { - k x2(n-1)– kc (x2(n-1)-x1(n-1))  } ]  .    (6) 
(dimensions  m~ kg , x ~ meters ,  k~ N/m  , kc ~ N/m)  
The physical data is k=kc =   1M/m  , m1=m2 = 1kg  .
We choose the initial conditions x1(0)= 0.1 m  x2(0)=0.  ,dx1/dt=0.
dx2/dt= 0.

The analytical solution of the eigenvalue problem leads to the determinant
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which has the characteristic equation
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The roots are  ω1 =(k/m)1/2      ,          ω2 =(3k/m)1/2  and since k=1N/m ,m=1kg

ω1 = 1     ,  ω2 =(3)1/2    .  
Trajectory of x1(t) and x2(t)
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Figure 2.  Shows peaks of sum14 and sum24  at the eigenfrequencies ω1 ≈ 1 ,  ω2  ≈ 1.7
FORTRAN code

c coupled oscillators linear and non linear cases    may 23, 2008

      real k ,kc ,m1,m2

      data m1,m2, k , kc /1.,1.,1.,1./

      dimension x1(0:20000) , x2(0:20000)

      xone(t)=c1*cos(omega1*t+phi1)+c2*cos(omega2*t+phi2)

      xtwo(t)=c1*cos(omega1*t+phi1)-c2*cos(omega2*t+phi2)

      omega1=1.

      omega2=sqrt(3.)

      tscale1=sqrt(m1/k)

      tscale2=sqrt(m2/k)

      tscale3=sqrt(m1/kc)

      tscale4=sqrt(m2/kc)

      tlarge=amax1(tscale1,tscale2,tscale3,tscale4)

      tsmall=amin1(tscale1,tscale2,tscale3,tscale4)

      dt=tsmall/500.

      tfinal=15.*tlarge

      nstep=int(tfinal/dt)

      kp=int(float(nstep)/70.)

      kount=kp

      print*,'tlarge,tsmall,dt,nstep',tlarge,tsmall,dt,nstep

      print*,'  '

c     initial conditions

      x1(0)=0.1

      x1(1)= x1(0)

      x2(0)=0.

      x2(1)=x2(0)

      phi1=0.

      phi2=0.

      c1=x1(0)/2.

      c2=c1

      print*,'t,x1,x2,xone,xtwo='

      print*,'   '

      print 100 ,0.,x1(0),x2(0),xone(0.),xtwo(0.)

      do 10 n=2,nstep

      t=dt*float(n)

      x1(n) = 2.*x1(n-1)-x1(n-2) +

     $dt**2*(1./m1)*( - k*x1(n-1)- kc*( x1(n-1)-x2(n-1))  )

      x2(n) = 2.*x2(n-1)-x2(n-2) +

     $dt**2 *(1./m2)* ( -k*x2(n-1)- kc*(x2(n-1)-x1(n-1))  )

      if(n.eq.kount)then

c      print 100 ,t ,x1(n),x2(n),xone(t),xtwo(t)

      kount=kount+kp

      endif

10    continue

100   format(5(3x,e10.3))

      wi=0.8

      wf=2.

      nw=30

      print*,'   '

c determines the charcteristic frequencies omega

      call spectra(x1,x2,wi,wf,nw,nstep,dt)

c determines the coefficients x1= c11cos(w1*t) + c12*cos(w2*t)

      wroot=sqrt(3.)

c      call coeff(x1,x2,wroot,dt)

      stop

      end

      subroutine spectra(x1,x2,wi,wf,nw,nstep,dt)

      dimension x1(0:20000) , x2(0:20000)

      f1(t,i)=cos(w*t)*x1(i)

      f2(t,i)=cos(w*t)*x2(i)

      dw=(wf-wi)/float(nw)

      w=wi

      do 10 iw=1,nw

      sum1=0.

      sum2=0.

      do 20 i=1,nstep

      t=dt*float(i)

      sum1=sum1+(dt/2.)*(f1(t,i)+f1(t-dt,i-1))

      sum2=sum2+(dt/2.)*(f2(t,i)+f2(t-dt,i-1))

20    continue

      print 100 ,w,sum1**4,sum2**4

      w=w+dw

10    continue

100   format(2x,'w,Sum1**4,sum2**4=',3(4x,e10.3))

      return

      end

      subroutine coeff(x1,x2,wroot,dt)

      dimension x1(0:20000) , x2(0:20000)

      f(t,i)=cos(wroot*t)*x1(i)

      pi=2.*asin(1.)

      tau=2.*pi/wroot

      nstep=int(tau/dt)

      print*,'nstep sub coeff=',nstep

      sum=0.

      do 20 i=1,nstep

      t=dt*float(i)

      sum=sum+(dt/2.)*(f(t-dt,i-1)+f(t,i))

20    continue

      c12=(2./tau)*sum

      print*,'c12=',c12

      return

      end

