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Reference:

1. Introduction to Quantum Mechanics with Applications to Chemistry by Linus Pauling and E. Bright Wilson

2. http://www.geocities.com/serienumerica3/TwoDimGaussIntegration.doc
3. http://www.geocities.com/serienumerica3/heliumsixdimensions.doc
4. http://www.geocities.com/serienumerica3/heliumsixdimensions.doc
5. http://www.geocities.com/serienumerica3/heliumGaussLegendrequadrature.doc
A Fortran code is provided to integrate correlated wave functions for helium ground state helium . See table 29-1 of Refrence1.
The wave function of item 5 in table 29-1 is used. Here we integrate numerically all contributions , the kinetic energy Vnuclear and Vee.
psi(r1,r2)=(sqrt(alfa/pi))**2*exp(-alfa*(r1+r2))*

     $  (1.+c2*(r1-r2)**2)
The correlated wave function is (not normalized)

Ψ(r1,r2) = (  α3 /π) exp(-α(r1+r2) ) * ( 1 +.142 (r1-r2)2 )    ,  (1) 

α =1.69  .                             

The result are  E =--2.87897205 au and the text gives  -2.87680006 au.

The virial coefficient

virial=(2.*vn+ve)/(2.*ek) = -1.99054074  .
RUN

alfa, a=  1.69000006  0.157199994

 sumnorm,virial=  0.141616419 -1.99054074

 ekin ,alfa**2/2.,vn -z*alfa=  1.45323253  1.42805004

 vn,-znuc*alfa=  -3.39218211 -3.38000011

 vee ,5.*alfa/8.=  0.998927176  1.0562501

 et(num),E(Paul.)-(z-5./16.)**2= -2.87897205 -2.87680006 -2.84765625

FORTRAN CODE

c CODE for helium ground state  with correlated wave functions

c gauss -legendre integration  of kin energy ,

c -(1/r) psi**dtau (Coulumb potential) and Vee for helium

c and Vee  in  spherical coordinates

      real lambda1,lambda2,lambda

      dimension xg(30) , ag(30), yg(30) ,zg(30)

      equivalence (xg,yg,zg) ,(alfa,zprime)

c      data xg /.93246951,-.93246951,.66120939,-.66120939,

c     $.23861919,-.23861919, 24*0.0/

c      data ag/.17132449,.17132449,.36076157,.36076157,

c     $.46791393,.46791393  ,24*0.0/

      data xg /.97390653,-.97390653,.86506337,-.86506337,

     $.67940957,- .67940957,.43339539, -.43339539,

     $.14887434,-.14887434,20*0.0/

      data ag/.06667134,.06667134,.14945135,.14945135,

     $.21908636,.21908636,.26926672,.26926672,.29552422,.29552422,

     $20*0.0/

c upper limit=b, lower limit =a

      data norder ,ar, br ,atheta,aphi/10, 0., 3.1 ,0.,0./

      data znuc ,lambda1,lambda2/2.,.01,.0049/

      data deltar ,a ,cosgama/.9e-3,.1572, -1./

c      psi(r1,r2)=(sqrt(alfa/pi))**2*exp(-alfa*(r1+r2))*

c     $ (1.+ 0.*a*r12cor)

       psi(r1,r2)=(sqrt(alfa/pi))**2*exp(-alfa*(r1+r2))*

     $  (1.+c2*(r1-r2)**2)

      f(r1,r2,theta1,theta2)=r1**2*sin(theta1)*r2**2*sin(theta2)

     $ *psi(r1,r2)**2

      vnuc(r1,theta1,r2,theta2)=-(znuc/r1)*r1**2*sin(theta1)*r2**2*

     $ sin(theta2)*psi(r1,r2)**2

      vee(r1,theta1,r2,theta2)=r12*psi(r1,r2)**2*r1**2*r2**2*

     $sin(theta1)*sin(theta2)

      d2psi(r1,r2)=(psi(r1+deltar,r2)-2.*psi(r1,r2)+psi(r1-deltar,r2))

     $ /deltar**2

      dpsi(r1,r2)=(psi(r1+deltar,r2)-psi(r1,r2))/deltar

      Tk(r1,theta1,r2,theta2)=psi(r1,r2)*(-1./2.)*(d2psi(r1,r2)+(2./r1)

     $ *dpsi(r1,r2))*r1**2*sin(theta1)*r2**2*sin(theta2)

      pi=2.*asin(1.)

      alfa=1.69

      c2=.142

      btheta=pi

      bphi=2.*pi

c loop 10 calculates vnuc and ekinetic , checks normalization of psi

c calculates vee

      do 40 iL=1,2

      if(il.eq.1)lambda=lambda1

      if(il.eq.2)lambda=lambda2

      ve=0.0

      sumnorm=0.

      vn=0.

      ek=0.

      do 20 i1=1,norder

      r1=.5*(br-ar)*xg(i1)+.5*(br+ar)

      do 20 j1=1,norder

      theta1=.5*(btheta-atheta)*yg(j1)+.5*(btheta+atheta)

      do 20 k1=1,norder

      phi1= .5*(bphi-aphi)*zg(k1)+.5*(bphi+aphi)

      do 20 i2=1,norder

      r2=.5*(br-ar)*xg(i2)+.5*(br+ar)

      do 20 j2=1,norder

      theta2=.5*(btheta-atheta)*yg(j2)+.5*(btheta+atheta)

      do 20 k2=1,norder

      phi2= .5*(bphi-aphi)*zg(k2)+.5*(bphi+aphi)

      x1=r1*sin(theta1)*cos(phi1)

      y1=r1*sin(theta1)*sin(phi1)

      z1=r1*cos(theta1)

      x2= r2*sin(theta2)*cos(phi2)

      y2= r2*sin(theta2)*sin(phi2)

      z2= r2*cos(theta2)

c **********

      r1=sqrt(x1**2 +y1**2+z1**2)

      r2=sqrt(x2**2 +y2**2 +z2**2)

      r12=sqrt((x1-x2)**2+(y1-y2)**2+(z1-z2)**2 +lambda )

      r12cor=sqrt((x1-x2)**2+(y1-y2)**2+(z1-z2)**2 )

      dtau12=(ag(i1)*(br-ar)/2.)*(ag(j1)*(btheta-atheta)/2.)*

     $ (ag(k1)*(bphi-aphi)/2.)*(ag(i2)*(br-ar)/2.)*(ag(j2)*

     $(btheta-atheta)/2.)*(ag(k2)*(bphi-aphi)/2.)

c      nuclear attractive potential

      vn=vn + dtau12*vnuc(r1,theta1,r2,theta2)

c kinetic energy of one electron

      ek=ek+dtau12*Tk(r1,theta1,r2,theta2)

c electron - electron repulsion

      ve=ve + dtau12*vee(r1,theta1,r2,theta2)

c normalization constant sumnorm

      sumnorm=sumnorm + dtau12*f(r1,r2,theta1,theta2)

c      print*,'ek,vn,ve=',ek,vn,ve

20    continue

      ek=ek/sumnorm

      vn=vn/sumnorm

      ve=ve/sumnorm

      if(il.eq.1)ve1=ve

      if(il.eq.2)ve2=ve

40    continue

      ve=2.*(ve1-ve2)/(lambda1-lambda2)

      virial=(2.*vn+ve)/(2.*ek)

      print*,'alfa, a=',alfa,a

      print*,'sumnorm,virial=',sumnorm ,virial

      print*,'ekin ,alfa**2/2.,vn -z*alfa=' ,ek,alfa**2/2.

      print*,'vn,-znuc*alfa= ',vn, -znuc*alfa

      print*,'vee ,5.*alfa/8.=',ve ,5.*alfa/8.

      et=2.*ek+2.*vn+ve

      print*,'et(num),E(Paul.)-(z-5./16.)**2=',et,-5.7536/2.

     $ ,-(znuc-5./16.)**2

      stop

      end

