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Jacov Ilich Frenkel (1894–1952)   (quoted by M.E. Fisher in “The Nature of Critical Points”, Boulder lectures, 1965)  said:

The more complicated the system considered, the more simplified must its theoretical description

be. One cannot demand that a theoretical description of a complicated atom, and all the more

of a molecule or a crystal, have the same degree of accuracy as of the theory of the simplest

hydrogen atom. Incidentally, such a requirement is not only impossible to fulfill but also essentially

useless. . . . An exact calculation of the constants characterizing the simplest physical

system has essential significance as a test on the correctness of the basic principles of the theory.

However, once it passes this test brilliantly there is no sense in subjecting it to further tests as

applied to more complicated systems. The most ideal theory cannot pass such tests, owing to the

practically unsurmountable mathematical difficulties unavoidably encountered in applications to

complicated systems. In this case all that is demanded of the theory is a correct interpretation

of the general character of the quantities and laws pertaining to such a system. The theoretical

physicist is in this respect like a cartoonist, who must depict the original, not in all details like

a photographic camera, but simplify and schematize it in a way as to disclose and emphasize

the most characteristic features. Photographic accuracy can and should be required only of the

description of the simplest system. A good theory of complicated systems should represent only

a good “caricature” of these systems, exaggerating the properties that are most difficult, and

purposely ignoring all the remaining inessential properties.
A FORTTRAN code is given that calculates the ground state energy of helium using correlated wave functions.

The wave function employed is of the form

Ψ (r1 , r2) =   (α3 /π )1/2 exp( - α r1) (α3 /π )1/2 exp( - α r2)

                       *[ 1+2c1(r1)(r2)cos( γ ) + c2 ( r1-r2)2 ]                          (1)
where

cos( γ ) = r1 ∙ r2 /(abs(r1) abs (r2))                                                       (2)

We employ a 10 point Gaussian - Legendre integration grid. Our results are accurate to three digits.

What is of interest is the fact that with such simple trial wave function the energy of -2.90 is obtained and the virial coefficient is -2.02 .

Run without correlation c1=c2=0  , α = z-5/16   , z=2
c1,c2,alfa =  0.  0.  1.6875

 sumnorm,virial=  0.122701872 -1.99187837

 ekin=  1.4297413  alfa**2/2.=   1.42382813

 vn,-znuc*alfa=  -3.38194847 -3.375

 vee ,5.*alfa/8.=  1.06815539  1.0546875

 et(num),E(correlated),-(z-5./16.)**2= -2.83625895 -2.9037243 -2.84765625
To three significant digits E = -2.84 au .
Run with correlated wave function  c1=-.15 , c2= .13   α= 1.69
c1,c2,alfa = -0.150000006  0.129999995  1.69000006

 sumnorm,virial=  0.14367646 -2.0167532

 ekin ,alfa**2/2.,vn -z*alfa=  1.42782056  1.42805004

 vn,-znuc*alfa=  -3.34637141 -3.38000011

 vee ,5.*alfa/8.=  0.933619142  1.0562501

 et(num),E(correlated),-(z-5./16.)**2= -2.90348244 -2.90372443 -2.84765625
To three significant digits E= -2.90 au.

FORTRAN code

c CODE for helium ground state  with correlated wave functions

c gauss -legendre integration  of kin energy ,

c -(1/r) psi**dtau (Coulumb potential) and Vee for helium

c and Vee  in  spherical coordinates

c see Pauling & Wilson page 224 for examples of correlated wavefunctions

c E= -2.9037 2437 au

      implicit real*8(a-h,o-z)

      double precision  lambda1,lambda2,lambda

      dimension xg(30) , ag(30), yg(30) ,zg(30)

      equivalence (xg,yg,zg) ,(alfa,zprime)

c      data xg /.93246951d0,-.93246951d0,.66120939d0,-.66120939d0,

c     $.23861919d0,-.23861919d0, 24*0.d0/

c      data ag/.17132449d0,.17132449d0,.36076157d0,.36076157d0,

c     $.46791393d0,.46791393d0  ,24*0.d0/

      data xg /.97390653d0,-.97390653d0,.86506337d0,-.86506337d0,

     $.67940957d0,- .67940957d0,.43339539d0, -.43339539d0,

     $.14887434d0,-.14887434d0,20*0.d0/

      data ag/.06667134d0,.06667134d0,.14945135d0,.14945135d0,

     $.21908636d0,.21908636d0,.26926672d0,.26926672d0,.29552422d0,

     $.29552422d0,20*0.d0/

c upper limit=b, lower limit =a

c      data norder ,ar, br ,atheta,aphi/10, 0.d0, 3.5d0 ,0.d0,0.d0/

      data norder ,ar, br ,atheta,aphi/10, 0.d0, 3.0d0 ,0.d0,0.d0/

      data znuc ,lambda1,lambda2/2.d0,.010d0,.0049d0/

c      data znuc ,lambda1,lambda2/2.d0,.010d0,.005d0/

      data deltar  /1.d-6/

      r12cor(r1,r2)=(r1**2+r2**2-2.d0*r1*r2*cosgama )

c      r12cor(r1,r2)=sqrt(r1**2+r2**2-2.*r1*r2)

c      psi(r1,r2)=(sqrt(alfa/pi))**2*exp(-alfa*(r1+r2))*

c     $  (1.+ c1*r12cor(r1,r2) + c2*(r1-r2)**2)

      psi(r1,r2)=(dsqrt(alfa/pi))**2*dexp(-alfa*(r1+r2))*

     $  ( 1.d0+ 2.d0*c1*r1*r2*cosgama + c2*(r1-r2)**2 )

      f(r1,r2,theta1,theta2)=r1**2*dsin(theta1)*r2**2*dsin(theta2)

     $ *psi(r1,r2)**2

      vnuc(r1,theta1,r2,theta2)=-(znuc/r1)*r1**2*dsin(theta1)*r2**2*

     $ dsin(theta2)*psi(r1,r2)**2

      vee(r1,theta1,r2,theta2)=r12*psi(r1,r2)**2*r1**2*r2**2*

     $dsin(theta1)*dsin(theta2)

      d2psi(r1,r2)=(psi(r1+deltar,r2)-2.d0*psi(r1,r2)+psi(r1-deltar,r2))

     $ /deltar**2

      dpsi(r1,r2)=(psi(r1+deltar,r2)-psi(r1,r2))/deltar

      Tk(r1,theta1,r2,theta2)=psi(r1,r2)*(-1.d0/2.d0)*(d2psi(r1,r2)

     $ +(2.d0/r1)

     $ *dpsi(r1,r2))*r1**2*dsin(theta1)*r2**2*dsin(theta2)

      pi=2.d0*dasin(1.d0)

      alfa=znuc-5.d0/16.d0

c   textbook values    c1=.30 and c2=.13

c   c1=-.20   E=-2.90     -.10 < c1<-.20  E~-2.90

      c1=0.d0

      c2=0.d0

c      c1=-.15

c      c2=.13

      btheta=pi

      bphi=2.d0*pi

c loop 10 calculates vnuc and ekinetic , checks normalization of psi

c calculates vee

      do 40 iL=1,2

      if(iL.eq.1)lambda=lambda1

      if(iL.eq.2)lambda=lambda2

      ve=0.d0

      sumnorm=0.d0

      vn=0.d0

      ek=0.d0

      do 20 i1=1,norder

      r1=.5d0*(br-ar)*xg(i1)+.5d0*(br+ar)

      do 20 j1=1,norder

      theta1=.5d0*(btheta-atheta)*yg(j1)+.5d0*(btheta+atheta)

      do 20 k1=1,norder

      phi1= .5d0*(bphi-aphi)*zg(k1)+.5d0*(bphi+aphi)

      do 20 i2=1,norder

      r2=.5d0*(br-ar)*xg(i2)+.5d0*(br+ar)

      do 20 j2=1,norder

      theta2=.5d0*(btheta-atheta)*yg(j2)+.5d0*(btheta+atheta)

      do 20 k2=1,norder

      phi2= .5d0*(bphi-aphi)*zg(k2)+.5d0*(bphi+aphi)

      x1=r1*dsin(theta1)*dcos(phi1)

      y1=r1*dsin(theta1)*dsin(phi1)

      z1=r1*dcos(theta1)

      x2= r2*dsin(theta2)*dcos(phi2)

      y2= r2*dsin(theta2)*dsin(phi2)

      z2= r2*dcos(theta2)

c **********

c this r12 expression is employed in vee

      r12=dsqrt((x1-x2)**2+(y1-y2)**2+(z1-z2)**2 +lambda )

      cosgama=dsin(theta1)*dsin(theta2)*( dcos(phi1)*dcos(phi2)+

     $ dsin(phi1)*dsin(phi2) )+dcos(theta1)*dcos(theta2)

      dtau12=(ag(i1)*(br-ar)/2.d0)*(ag(j1)*(btheta-atheta)/2.d0)*

     $ (ag(k1)*(bphi-aphi)/2.d0)*(ag(i2)*(br-ar)/2.d0)*(ag(j2)*

     $(btheta-atheta)/2.d0)*(ag(k2)*(bphi-aphi)/2.d0)

c      nuclear attractive potential

      vn=vn + dtau12*vnuc(r1,theta1,r2,theta2)

c kinetic energy of one electron

      ek=ek+dtau12*Tk(r1,theta1,r2,theta2)

c electron - electron repulsion

      ve=ve + dtau12*vee(r1,theta1,r2,theta2)

c normalization constant sumnorm

      sumnorm=sumnorm + dtau12*f(r1,r2,theta1,theta2)

c      print*,'ek,vn,ve=',ek,vn,ve

20    continue

      ek=ek/sumnorm

      vn=vn/sumnorm

      ve=ve/sumnorm

      if(il.eq.1)ve1=ve

      if(il.eq.2)ve2=ve

40    continue

      ve=2.d0*(ve1-ve2)/(lambda1-lambda2)

      virial=(2.d0*vn+ve)/(2.d0*ek)

      print*,'c1,c2,alfa =',c1,c2,alfa

      print*,'sumnorm,virial=',sumnorm ,virial

      print*,'ekin=',ek ,'  alfa**2/2.= ' ,alfa**2/2.d0

      print*,'vn,-znuc*alfa= ',vn, -znuc*alfa

      print*,'vee ,5.*alfa/8.=',ve ,5.d0*alfa/8.d0

      et=2.d0*ek+2.d0*vn+ve

      print*,'et(num),E(correlated),-(z-5./16.)**2=',et,-2.9037 243d0

     $ ,-(znuc-5.d0/16.d0)**2

      stop

      end
