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The following example is given in ref. 1 page 248. 
Find the characteristic values values  λ and  functions of the Fredholm integral equation  of the second kind, 

                      y(x) =  λ   ∫ (1-3xξ ) y(ξ ) d ξ     ,   0  ≤  ξ  ≤ 1                 (1) 
The kernel is   of the P-G type ( see ref. 2), 

                  K(x,ξ ) =   1-3xξ                                                                .  (2)                                              
We employ a numerical method  where a value of  λ is fixed  and the  trial  function   y(x) = 1.+x**2 is introduced in the right hand side of (1).
At each step of the iterations the integral

             ∫ y(x)2 dx = sum                                                                    (3)

is calculated. The ratio  sum(at the n iteration) /sum(n-1 iteration) should converge to one. Tis ratio is plotted in Fig 1 for     -3 ≤   λ ≤ 3 .

Figure 1.
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It is apparent that the ratio=1 is obtained when λ =2 , -2  .
To find the characteristic  functions   fix λ =2 and use the same trial function
and perform various iterations. The solution is the characteristic solution within a multiplicative factor.In this case it is shown in ref 1 that

  y1 (x) = 1-x .
Hence 

                       ynumerical  = c ( 1-x).

Table 1. shows the results of five iterations.

Table 1 .   λ =2
iteration number= 5

 x,ynew(ii),(1.-x),yn/ya=    0.000E+00    0.176E+01    0.100E+01    0.176E+01

 x,ynew(ii),(1.-x),yn/ya=    0.500E-01    0.167E+01    0.950E+00    0.175E+01

 x,ynew(ii),(1.-x),yn/ya=    0.100E+00    0.158E+01    0.900E+00    0.175E+01

 x,ynew(ii),(1.-x),yn/ya=    0.150E+00    0.149E+01    0.850E+00    0.175E+01

 x,ynew(ii),(1.-x),yn/ya=    0.200E+00    0.140E+01    0.800E+00    0.175E+01

 x,ynew(ii),(1.-x),yn/ya=    0.250E+00    0.131E+01    0.750E+00    0.175E+01

 x,ynew(ii),(1.-x),yn/ya=    0.300E+00    0.122E+01    0.700E+00    0.175E+01

 x,ynew(ii),(1.-x),yn/ya=    0.350E+00    0.114E+01    0.650E+00    0.175E+01

 x,ynew(ii),(1.-x),yn/ya=    0.400E+00    0.105E+01    0.600E+00    0.175E+01

 x,ynew(ii),(1.-x),yn/ya=    0.450E+00    0.960E+00    0.550E+00    0.175E+01

 x,ynew(ii),(1.-x),yn/ya=    0.500E+00    0.873E+00    0.500E+00    0.175E+01

 x,ynew(ii),(1.-x),yn/ya=    0.550E+00    0.785E+00    0.450E+00    0.174E+01

 x,ynew(ii),(1.-x),yn/ya=    0.600E+00    0.698E+00    0.400E+00    0.174E+01

 x,ynew(ii),(1.-x),yn/ya=    0.650E+00    0.611E+00    0.350E+00    0.174E+01

 x,ynew(ii),(1.-x),yn/ya=    0.700E+00    0.524E+00    0.300E+00    0.175E+01

 x,ynew(ii),(1.-x),yn/ya=    0.750E+00    0.437E+00    0.250E+00    0.175E+01

 x,ynew(ii),(1.-x),yn/ya=    0.800E+00    0.350E+00    0.200E+00    0.175E+01

 x,ynew(ii),(1.-x),yn/ya=    0.850E+00    0.264E+00    0.150E+00    0.176E+01

 x,ynew(ii),(1.-x),yn/ya=    0.900E+00    0.177E+00    0.100E+00    0.177E+01

 x,ynew(ii),(1.-x),yn/ya=    0.950E+00    0.913E-01    0.500E-01    0.183E+01

 x,ynew(ii),(1.-x),yn/ya=    0.100E+01    0.530E-02    0.000E+00    0.1#JE+01

  lambda ,sum2/sum1 =    0.20000E+01    0.10000E+01
Tha last column shows the ratio of y(nunmerical)/(1-x).
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Table 2.  λ = -2
iteration number= 5

 x,ynew(ii),-1*(1.-3.*x),yn/ya

     0.000E+00   -0.912E+00   -0.100E+01    0.912E+00

     0.500E-01   -0.776E+00   -0.850E+00    0.913E+00

     0.100E+00   -0.639E+00   -0.700E+00    0.913E+00

     0.150E+00   -0.503E+00   -0.550E+00    0.915E+00

     0.200E+00   -0.367E+00   -0.400E+00    0.916E+00

     0.250E+00   -0.230E+00   -0.250E+00    0.919E+00

     0.300E+00   -0.930E-01   -0.100E+00    0.930E+00

     0.350E+00    0.440E-01    0.500E-01    0.880E+00

     0.400E+00    0.181E+00    0.200E+00    0.906E+00

     0.450E+00    0.318E+00    0.350E+00    0.910E+00

     0.500E+00    0.456E+00    0.500E+00    0.912E+00

     0.550E+00    0.594E+00    0.650E+00    0.913E+00

     0.600E+00    0.731E+00    0.800E+00    0.914E+00

     0.650E+00    0.869E+00    0.950E+00    0.915E+00

     0.700E+00    0.101E+01    0.110E+01    0.916E+00

     0.750E+00    0.115E+01    0.125E+01    0.916E+00

     0.800E+00    0.128E+01    0.140E+01    0.917E+00

     0.850E+00    0.142E+01    0.155E+01    0.918E+00

     0.900E+00    0.156E+01    0.170E+01    0.918E+00

     0.950E+00    0.170E+01    0.185E+01    0.919E+00

     0.100E+01    0.184E+01    0.200E+01    0.920E+00

  lambda ,sum2/sum1 =   -0.20000E+01    0.10001E+01
Five iterations.
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c example of Fredholm equation ... page 226,227 F. B. Hildebrand

      real length ,lambda ,lambdai, lambdaf

      dimension yold(0:200) ,ynew(0:200)

      data length ,nstep ,iL ,iter/1.,100,1, 5/

      pi=2.*asin(1.)

      print*,'lambda1=+2.,solution=c*(1.-x),lambda2=-2.,sol=c*(1.-3.*x)'

      print*,'   '

      lambdai=2.

      lambdaf=3.

      lambda=lambdai

      dlam=(lambdaf-lambdai)/float(iL+1)

      dx=length/float(nstep)

      do 50 jL=1,iL

      do 10 i=0,nstep

      x=dx*float(i)

c trial function for first lambda

      yold(i)=1.+x**2

10    continue

c do 20 iterates the integral equation

      do 20 j=1,iter

      call aiter(yold,ynew,dx,nstep,length,lambda)

      if(j.eq.iter-1) call suma(ynew,nstep,dx,sum1)

      if(j.eq.iter) call suma(ynew,nstep,dx,sum2)

c prints ynew ....

      print*,'iteration number=',j

      do 30 ii=0,nstep,5

      x=dx*float(ii)

      print 100,x,ynew(ii), (1.-x)

30    continue

      do 40 in=0,nstep

      yold(in)=ynew(in)

40    continue

      print*,'  '

20    continue

      print 115, lambda ,sum2/sum1

      lambda=lambda+dlam

50    continue

100   format(1x,'x,ynew(ii),(1.-x)=',3(3x,e12.5))

115   format(1x,' lambda ,sum2/sum1 =',2(3x,e12.5))

      stop

      end

      subroutine aiter(yold,ynew,dx,nstep,length,lambda)

      real length ,lambda

      dimension yold(0:200) ,ynew(0:200)

      do 10 i=0,nstep

c initial yold(0)=0. is kept fixed

c      ynew(0)=0.

c      do 10 i=1,nstep

      x=dx*float(i)

      sum=0.

      do 20 ichi=1,nstep

      chi=dx*float(ichi)

      sum=sum+lambda*(dx/2.)*(akernel(x,chi,length)*yold(ichi)+

     $ akernel(x,chi-dx,length)*yold(ichi-1) )

20    continue

      ynew(i)=(yold(i)+sum)/2.

10    continue

c      print*,'ynew(0),ynew(nstep)=',ynew(0),ynew(nstep)

      return

      end

      function akernel(x,chi,length)

      real length

c      if(chi.le.x)akernel=(chi/length)*(length-x)

c      if(chi.gt.x)akernel=(x/length)*(length-chi)

      akernel= 1.-3.*x*chi

      return

      end

      subroutine suma(f,nstep,dx,sum)

      dimension f(0:200)

      sum=0.

      do 10 i=1,nstep

      sum=sum+(dx/2.)*(f(i)**2+f(i-1)**2)

10    continue

      return

      end
