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We use the Taylor series expansion 

       ln (1+x)        = x –(1/2) x2 +(1/3)x3 –(1/4) x4 +x5/5+…     
(where x <1),
to generate both the natural log and log(base 10) logarithms.
Assume we don’t have calculators.
For exp(x) use the Taylor power series.

First we calculate some  natural log between one and 10.

Short log Table
v0= 1    =             =     exp (0)      ;    ln (v0)=0  

v1= 1.648721     =      exp(.5)     ;    ln(v1)=0.5
v2=  2.718281     =     exp(1)       ;   ln(v2)=1
v3= 4.481689      =    exp(1.5)     ;  ln(v3)=1.5                

v4=7.389056       =   exp(2)        ;   ln(v4)= 2.0

Given an arbitrary number  1 ≤ v ≤ 10 the algorithm locates it between the vi or it could be between   10 and v4 .

Let                            v3  <  v < v4   . Then v= v3 (1+x)   , where x<1. The natural log is 
ln(v) = ln(v3) + ln(1+x)  = 1.5 + (x –(1/2) x2 +(1/3)x3 –(1/4) x4 +x5/5+… )
From the natural log we can obtain the common log.

The common log ( base 10) is given by

log10 (v)  = ln(v) /ln(10)  .

10 = v4 ( 1+x) =  7.389056 (1+ .3533528 ).   

ln(10)= ln  v4  +  (x –(1/2) x2 +(1/3)x3 –(1/4) x4 +x5/5+… )   , where

x=  .3533528 .

ln(10)= 2.302585
Table 

   v,calcnatlog,log(v)=   0.100000E+01   0.000000E+00   0.000000E+00

 callogbase10,log10(v)=   0.000000E+00   0.000000E+00

 v,calcnatlog,log(v)=   0.200000E+01   0.693147E+00   0.693147E+00

 callogbase10,log10(v)=   0.301030E+00   0.301030E+00

 v,calcnatlog,log(v)=   0.300000E+01   0.109861E+01   0.109861E+01

 callogbase10,log10(v)=   0.477121E+00   0.477121E+00

 v,calcnatlog,log(v)=   0.400000E+01   0.138620E+01   0.138629E+01

 callogbase10,log10(v)=   0.602021E+00   0.602060E+00

 v,calcnatlog,log(v)=   0.500000E+01   0.160944E+01   0.160944E+01

 callogbase10,log10(v)=   0.698970E+00   0.698970E+00

 v,calcnatlog,log(v)=   0.600000E+01   0.179175E+01   0.179176E+01

 callogbase10,log10(v)=   0.778149E+00   0.778151E+00

 v,calcnatlog,log(v)=   0.700000E+01   0.194550E+01   0.194591E+01

 callogbase10,log10(v)=   0.844919E+00   0.845098E+00

 v,calcnatlog,log(v)=   0.800000E+01   0.207944E+01   0.207944E+01

 callogbase10,log10(v)=   0.903090E+00   0.903090E+00

 v,calcnatlog,log(v)=   0.900000E+01   0.219722E+01   0.219722E+01

 callogbase10,log10(v)=   0.954243E+00   0.954243E+00

 v,calcnatlog,log(v)=   0.100000E+02   0.230258E+01   0.230259E+01

 callogbase10,log10(v)=   0.999997E+00   0.100000E+01

FORTRAN code

c natural log table algorithm  //7 significant digits

      dimension f(0:10) ,alogn(0:10)

      data f/1.,1.648721,2.718281,4.481689 ,7.389056,6*0.0/

      data alogn /0.,0.5,1.,1.5,2. ,6*0.0/

      data vi,vf,nstep/1.,10.,10/

      dv=(vf-vi)/float(nstep)

      aln10=2.302585

      do 10 i=0,nstep

      v=vi+dv*float(i)

      if(v.ge.f(0).and.v.le.f(1))then

      jn=0

      q=v/f(0)

      endif

      if(v.ge.f(1).and.v.le.f(2))then

      jn=1

      q=v/f(1)

      endif

      if(v.ge.f(2).and.v.le.f(3))then

      q=v/f(2)

      jn=2

      endif

      if(v.ge.f(3).and.v.le.f(4))then

      jn=3

      q=v/f(3)

      endif

      if(v.ge.f(4))then

      jn=4

      q=v/f(4)

      endif

      x=q-1.

c      print*,'v,f(jn),q,x=',v,f(jn),q,x

      apxlog=x-x**2/2.+x**3/3.-x**4/4.+x**5/5.-x**6/6.

     $+x**7/7. -x**8/8.

      alogv=alogn(jn)+apxlog

      print 100,v,alogv,log(v)

      print 110,  alogv/aln10 ,log10(v)

      print*, '   '

10    continue

100   format(1x,'v,calcnatlog,log(v)=',3(2x,e13.6))

110   format(1x,'callogbase10,log10(v)=',2(2x,e13.6))

      stop

      end

