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The non relativistic quantum harmonic oscillator is treated in ref 1.
The energy eigenvalues are given by

       E =    ω ( 2k + l + 3/2)   =  ω ( n + 3/2)              (1)                                          
where n≡ 2k + l , and  2k  is  an even number.
 In this note we treat a quantum harmonic oscillator that obeys  the Klein Gordon equation.

In ref 8. it is shown , using perturbation theory ,that the energy levels are
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E = ω { (n+3/2) –(1/32)( ω/c2)[ 6n(n+3) -2l(l+1) +15]  }

         + O [( ω/c2)2 ]                                                                        (2)
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Figure 1. The difference  (3/2)ω - EKG  vs ω
We will solve numerically  the Klein Gordon (KG) equation for a boson of mass m moving in a harmonic  oscillator potential.

The KG equation for a particle with angular momentum quantum number l is  ( after the choice m=1 , hbar =1 ,e=1   c =137.035999679 ) ,

-[ ∂2 /∂r2 + (2/r)  ∂/∂r - l (l+1)/r2] Ψ = { - c2  + ( E- V)2 /c2 } Ψ

                                             ≡ g(r) Ψ                                             (3)
We take the  potential  to be 

                                               V(r) =  (1/2) ω2 r2                      (4)
The velocity scale is c (the speed of light).  We don’t expect relativistic effects until    ω L scale  approaches c .                      
In ref . 9  , the KG equation is solved numerically for the harmonic potential. The energy values  are  contrasted with (1) and (2) for some chosen values of ω and some specific  quantum numbers,
a) ω = 10    n=0 ,  l =0

b) ω = 120    n=0   l =0
c) ω = 180  n=0      l =0
We found that eq(2) obtained by perturbation theory is very accurate.

The above example only tests the contribution from  the last term in (2),
(since n=0 , l=0),  namely      –(1/32)( ω/c2)[ 0 +  0 +15] .

In this note we calculate , runnning the integration once  with l=1, the energies corresponding to quantum numbers listed below in the table. therefore the formula is verified numerically.
	  n
	2k
	l
	E= ω(2k+l+3/2)

	1
	0
	1
	2.5 ω

	3
	2
	1
	4.5 ω

	5

	4
	1
	6.5ω

	7
	6
	1
	8.5ω


e0=omega*(3.d0/2.d0)=  270.

 e(w,1,1) ,e(w,3,1),e(w,5,1),e(w,7,1)=  448.112905  803.583877  1156.46683   ,1506.76177 
We show the energy from the run and to the right the energy from eq .(2)

	 n=1
	2k=0
	  l =1


 e(nonrel),phifinal=    0.447350E+03    0.103458E-01  E=448.112905  
e(nonrel),phifinal=    0.454133E+03   -0.106138E+00
	n=3
	2k=2
	  l =1


 e(nonrel),phifinal=    0.800083E+03   -0.113186E+01 E=803.583877  
e(nonrel),phifinal=    0.806867E+03    0.148427E+01

	n=5
	2k=4
	  l =1


e(nonrel),phifinal=    0.115000E+04    0.649222E+02 E=1156.46683   
e(nonrel),phifinal=    0.115605E+04   -0.378795E+01
	n=7
	2k=6
	  l =1


e(nonrel),phifinal=    0.150090E+04   -0.191448E+04 E=1506.76177
e(nonrel),phifinal=    0.150695E+04    0.425065E+03

Fig 2 show the normalized wave function corresponding to 

	n=7
	2k=6
	  l =1


and E = 1506.76177 .
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Fig. 2 
c numerical determination of the  energy and eigenfunction for the

c Klein Gordon equation

      implicit real*8(a-h,o-z)

      real*8 nprime,nprinc ,nn

      data omega, niter, nstep /180.d0, 60 ,2000/

      data nprinc,al,ajtotal/1.d0,1.d0,0.5d0/

      data c /137.035999679d0  /

      dimension phi(0:10000)

      epert(omega,nn,al)=omega*((nn+3.d0/2.d0)-(1.d0/32.d0)*

     $ (omega/c**2)*

     $ ( 6.d0*nn*(nn+3.d0) -2.d0*al*(al+1.d0) +15.d0)  )

      pi=2.d0*dasin(1.d0)

      nprime=nprinc-(ajtotal+.5d0)

      enri= .5d0*epert(omega,1.d0,al)

      enrf=1.5d0*epert(omega,7.d0,al)

c      enri=.1d0*omega*3.d0/2.d0

c      enrf=2.d0*omega*3.d0/2.d0

      denr=(enrf-enri)/dfloat(niter)

      kp=int(float(nstep)/60.)

      enr=enri

      E=enr+c**2

      print*,'e0=omega*(3.d0/2.d0)=', omega*(3.d0/2.d0)

      print*,'e(w,1,1) ,e(w,3,1),e(w,5,1),e(w,7,1)=',

     $ epert(omega,1.d0,al),epert(omega,3.d0,al),epert(omega,5.d0,al),

     $epert(omega,7.d0,al)

      print*,'    '

      do 20 it=1,niter

c ri , rf limits of integration

      rf= 2.d0*dsqrt(2.d0*enr)/omega

      ri=0.d0

      dr=(rf-ri)/dfloat(nstep)

      kount=kp

c L=0 Initial conditions

      if(al.eq.0.d0)then

      phi(0)=1.d0

      phi(1)=phi(0) -dr

      endif

c L=1 Initial conditions

      if(al.eq.1.d0)then

      phi(0)=0.d0

      phi(1)=phi(0) + dr

      endif

      if(niter.eq.1) print 150, ri ,phi(0)

      do 10 i =2,nstep

      r=ri+dr*dfloat(i)

      phi(i)=2.d0*phi(i-1)-phi(i-2) +dr**2*( -(2.d0/(r-dr))*

     $ (phi(i-1)-phi(i-2))/dr +al*(al+1.d0)*phi(i-1)/(r-dr)**2

     $ -g(r-dr,omega,c,e)*phi(i-1) )

      if(niter.eq.1)then

      if(i.eq.kount)then

      print 150, r , phi(i)

      kount=kount+kp

      endif

      endif

10    continue

      print 100, enr , phi(nstep)

      enr=enr+denr

      e=enr+c**2

20    continue

      print*,'  '

      if(niter.eq.1)call norm(phi,dr,nstep)

c      if(niter.eq.1)call plotphi(phi,ri,dr,nstep,kp)

100   format('e(nonrel),phifinal=',3(3x,d13.6))

150   format(1x,'r,phi(i)=',2(3x,d13.6))

      stop

      end

      function g(r,omega,c,e)

      implicit real*8(a-h,o-z)

      v(r)= (1.d0/2.d0)*(omega*r)**2

      g= -c**2 + ((E-v(r))/c)**2

      return

      end

      subroutine norm(phi,dr,nstep)

      implicit real*8(a-h,o-z)

      dimension phi(0:10000)

      sum=0.d0

      do 10 i=1,nstep

      sum=sum+(dr/2.d0)*(phi(i)**2 +phi(i-1)**2)

10    continue

      anorm=1.d0/sqrt(sum)

      do 20 i=0,nstep

      phi(i)=anorm*phi(i)

20    continue

      return

      end

      subroutine plotphi(phi,ri,dr,nstep,kp)

      implicit real*8(a-h,o-z)

      dimension phi(0:10000)

      print*,'  '

      print*,'phi plot'

      do 10 i=0,nstep,kp

      r=ri+dr*dfloat(i)

      print 100, r, phi(i)

10    continue

100   format(1x,'x, phi =',2(4x,d10.3))

      print 100, r, phi(nstep)

      return

      end

