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Reference:

1. Numerical Methods by J. Douglas Faires and Richard L. Burden , Chapter 11 ,  page 575.

2. SCHAUM'S OUTLINE SERIES - THEORY AND PROBLEMS OF NUMERICAL ANALYSIS by SCHEID FRANCIS ,Chapter 29.
3. A First Course in Partial Differential Equations: with Complex Variables and Transform Methods (Dover Books on Mathematics) by H. F. Weinberger , page 125.
Solve   d2y/dx2 = y + 2x  for   0< x<1 ,

with BC  dy(0)/dx =0 , y(x=1)=0  by a shooting method.

We write the DE as a finite difference equation

 y2=2.*y1-y0+dx**2*(y1+2.*(x-dx))                                     .(1)

From  dy(0)/dx = 0 we have that y0 = y1 .

Letting in (1) ,  ∆x=1/2 , x=1/2 and y2 = y0 =0 in (1) we estimate an approximate value for y1  ≈ -1/9  = -.111
 The FORTRAN code (see below) is written  so that (1) is inetgrated starting with varying values of y0 in the range from -.5 t0 0.The final y , i.e. y(x=1) is printed.

The  correct value of y0 will make y(x=1) =0.
The following run shows that the correct y0 is near -.237 
RUN
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RUN with y0 =-.225

The exact solution is

yexact(x)=-2.*x+2.*(exp(1.)+1.)*exp(x)/(exp(2.)+1.)-

     $2.*exp(1.)*(exp(1.)-1.)*exp(-x)/(exp(2.) +1. )

x,y,yexact=    0.000E+00   -0.225E+00   -0.227E+00

x,y,yexact=    0.200E-01   -0.225E+00   -0.227E+00

x,y,yexact=    0.400E-01   -0.225E+00   -0.227E+00

x,y,yexact=    0.600E-01   -0.225E+00   -0.227E+00

x,y,yexact=    0.800E-01   -0.226E+00   -0.228E+00

x,y,yexact=    0.100E+00   -0.226E+00   -0.228E+00

x,y,yexact=    0.120E+00   -0.226E+00   -0.228E+00

x,y,yexact=    0.140E+00   -0.226E+00   -0.228E+00

x,y,yexact=    0.160E+00   -0.227E+00   -0.229E+00

x,y,yexact=    0.180E+00   -0.227E+00   -0.229E+00

x,y,yexact=    0.200E+00   -0.227E+00   -0.229E+00

x,y,yexact=    0.220E+00   -0.227E+00   -0.229E+00

x,y,yexact=    0.240E+00   -0.227E+00   -0.229E+00

x,y,yexact=    0.260E+00   -0.227E+00   -0.229E+00

x,y,yexact=    0.280E+00   -0.227E+00   -0.229E+00

x,y,yexact=    0.300E+00   -0.226E+00   -0.228E+00

x,y,yexact=    0.320E+00   -0.226E+00   -0.228E+00

x,y,yexact=    0.340E+00   -0.225E+00   -0.227E+00

x,y,yexact=    0.360E+00   -0.224E+00   -0.226E+00

x,y,yexact=    0.380E+00   -0.223E+00   -0.225E+00

x,y,yexact=    0.400E+00   -0.222E+00   -0.224E+00

x,y,yexact=    0.420E+00   -0.220E+00   -0.222E+00

x,y,yexact=    0.440E+00   -0.218E+00   -0.221E+00

x,y,yexact=    0.460E+00   -0.216E+00   -0.219E+00

x,y,yexact=    0.480E+00   -0.214E+00   -0.216E+00

x,y,yexact=    0.500E+00   -0.211E+00   -0.214E+00

x,y,yexact=    0.520E+00   -0.209E+00   -0.211E+00

x,y,yexact=    0.540E+00   -0.205E+00   -0.208E+00

x,y,yexact=    0.560E+00   -0.202E+00   -0.204E+00

x,y,yexact=    0.580E+00   -0.198E+00   -0.200E+00

x,y,yexact=    0.600E+00   -0.193E+00   -0.196E+00

x,y,yexact=    0.620E+00   -0.189E+00   -0.191E+00

x,y,yexact=    0.640E+00   -0.183E+00   -0.186E+00

x,y,yexact=    0.660E+00   -0.178E+00   -0.180E+00

x,y,yexact=    0.680E+00   -0.172E+00   -0.174E+00

x,y,yexact=    0.700E+00   -0.165E+00   -0.168E+00

x,y,yexact=    0.720E+00   -0.158E+00   -0.161E+00

x,y,yexact=    0.740E+00   -0.151E+00   -0.153E+00

x,y,yexact=    0.760E+00   -0.142E+00   -0.145E+00

x,y,yexact=    0.780E+00   -0.134E+00   -0.137E+00

x,y,yexact=    0.800E+00   -0.125E+00   -0.127E+00

x,y,yexact=    0.820E+00   -0.115E+00   -0.118E+00

x,y,yexact=    0.840E+00   -0.104E+00   -0.107E+00

x,y,yexact=    0.860E+00   -0.934E-01   -0.964E-01

x,y,yexact=    0.880E+00   -0.817E-01   -0.847E-01

x,y,yexact=    0.900E+00   -0.693E-01   -0.724E-01

x,y,yexact=    0.920E+00   -0.563E-01   -0.594E-01

x,y,yexact=    0.940E+00   -0.425E-01   -0.457E-01

x,y,yexact=    0.960E+00   -0.280E-01   -0.312E-01

x,y,yexact=    0.980E+00   -0.127E-01   -0.160E-01

x,y,yexact=    0.100E+01    0.333E-02   -0.130E-06
FORTRAN code

c Boundary value problem for ODE  see page 125 A First Course in PDE

c problem with mixed boundary conditions

c H. F. Weinberger  y''= y + 2x    0<x<1 , BC y'(0)=0 , y(1)=0.

      data xi ,xf ,niter, nstep /0.,1., 1, 1000/

      data y01,y02/-.225,0./

      yexact(x)=-2.*x+2.*(exp(1.)+1.)*exp(x)/(exp(2.)+1.)-

     $2.*exp(1.)*(exp(1.)-1.)*exp(-x)/(exp(2.) +1. )

      dx =(xf-xi)/float(nstep)

      dy0=(y02-y01)/float(niter)

      kp=int(float(nstep)/50.)

      kount=kp

      do 10 it=0,niter

      y0=y01+dy0*float(it)

      y1=y0

      if(niter.eq.1) print 120, 0.,y0,yexact(0.)

      do 20 ix=2,nstep

      x=xi+dx*float(ix)

      y2=2.*y1-y0+dx**2*(y1+2.*(x-dx))

      if(niter.eq.1)then

      if(ix.eq.kount)then

      print 120 , x,y2,yexact(x)

      kount=kount+kp

      endif

      endif

      y0=y1

      y1=y2

20    continue

      print 100,y01+dy0*float(it),y2

10    continue

100   format('initial (y0),y(x=1)=',2(3x,e10.3))

120   format('x,y,yexact=',3(3x,e10.3))

      stop

      end

