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1.   http://www.math.umn.edu/~olver/am_/bvz.pdf 

2. Methods of Applied Mathematics by F.B. Hildebrand ,second edition.
The following is a one dimensional boundary problem with mixed conditions (Dirichlet and Neumann BVC) given in reference  1.
[image: image1.png]Consider a uniform bar of length £ = 1 with one fixed and one
free end, subject to an external force. The displacement u(w) satisfies the boundary value
problem

—eu = f(x), u(0) =0, a(1) =0,

where ¢ is the elastic constant of the bar.




The finite difference equation corresponding to the DE is 
              un = 2 un-1  - un-1 + (∆x)2 ( - f (xn-1) /c)                           .       (1)

An approximation to  (du(0)/dx)  is necessary to integrate (1). Substitute in equation (1)    ∆x =1/2  , u0 =0 , u1 = u2  , and f(x) = f(x=1/2) . This gives

                         ( u1/ ∆x )  = (∆x) (  f (1/2) /c)                    
                                          =  (1/2)  f(1/2)/c                          . (2)  

Equation (1) is integrated with an algorithm that varies the estimate (2) for the initial derivative. The correct value would produce at the end point x =L an approximate zero value for  du(x=L) /dx , ie  un = un-1  .  

The analytical solution to  d2u/dx2 = - f(x)/c) is easily obtainable when f(x) =1 , c=1 .

u(x) = - x2 /2 +A x +B                                        . (3)
u(0)=0 = B
du(x=L)/dx= 0 = -L + A    ; A=L   and hence the exact solution is

u(x) = - x2 /2 +Lx  , with initial du(0)/dx= +L = 1.                                        
 In the following run (see FORTRAN code below)  assumes  f(x)=1 , c=1 , L=1 and adjusting the intial 

derivative gives (dy/dx)x=0 =0.971   and ends with 

(dy/dx)x=L =1 = 5.96 E-4
[image: image2.emf]Solution to y''= -f(x)/c
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FORTRAN code

c Problem Inhom BVP mixed conditions

c adapted from http://www.math.umn.edu/~olver/am_/bvz.pdf

c      d^2y/dx^2= -f(x)/c , y(0)=0. , dy(1)/dx=0. shooting method ,

c  guess initial dy/dx  and integrate up  to x=1.

      data c ,niter,nstep/1. ,1 ,2000/

      f(x)=1.

      dx=1./float(nstep)

c      dydxi=1.5*(.5)*f(.5)/c

c      dydxf=3.*(.5)*f(.5)/c

      dydxi=.971

      dydxf=1.01

      deltas=(dydxf-dydxi)/float(niter)

      dydx=dydxi

      do 10 it=1,niter

      y0=0.

      y1=y0+dx*dydx

      kp=int(float(nstep)/60.)

      kount=kp

      deriv=(y1-y0)/dx

      if(niter.eq.1) print 120 ,0.,y0

      do 20 i=2,nstep

      x=dx*float(i)

      y2=2.*y1-y0+dx**2*(-f(x-dx)/c)

      deriv=(y2-y1)/dx

      if(niter.eq.1)then

      if(i.eq.kount)then

      print 120 ,x,y2

      kount=kount+kp

      endif

      endif

      y0=y1

      y1=y2

20    continue

      if(niter.eq.1)print 120 ,x,y2

      print 100,dydx,deriv

      dydx=dydx+deltas

10    continue

100   format(1x,'dydxi,deriv(x=L)=',2(3x,e12.5))

120   format(1x,'x,y=',2(3x,e12.5))

      stop

      end

