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Airy’s equation is 

     d2 y/dx2 = x y                                                         (1)

The purpose of this note is to solve (1) numerically and show its connection to the functions Ai(x) and Bi(x) given in some literature as the solutions. 
This is an equation amenable to series solution. The two series solutions are
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          ≡  y1 +  y2         .                                                                    (3)

The constants a0 , a1 are the initial conditions

 y(0)= a0   , (dy/dt)t=0 = a1  .                                                           (4)
The usual procedure consists in writing  y =  xs ∑n=0 an xn  ,find the leading power s and the recursion relation for the coefficients an .
For a numerical method it is sufficient to find the leading power s.

For  d2 y/dx2 = s (s-1) xs-2   near the origin  . The possible values of the power s  are , s=0 and  s=1.   
So one independent solution starts as equal to the arbitrary constant a0 ,
y1  = a0 x0 = a0   and  d y1 /dx = 0 ( at the origin x=0)   

The second soluton is

y2  = a1 x1    and  d y2/dx = a1    (at the origin x=0) and depends on a second arbitrary constant  a1 .
   The numerical solution of (1) by the finite difference method is    
yn = 2 yn-1 – yn-2 +   (∆x)2  xn-1  yn-1                                 .       (5) 
The first solution starts as   y0 =1 , y1=1.

The second solution starts as   y0 =0 , y1=∆x   .

These solutions are plotted in fig 1.

The FORTRAN code #1  given below uses this algorithm.    
To generate the solution Ai(x),
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with initial conditions 
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where gamma values can be obtained from
[image: image5.png](1/4) ~ 3.6256
(2/5) ~ 2.2182
(2/3) ~ 1.3541
T(4/5) ~ 1.1642





one identifies 
y(0)=y0= a0 = Ai(0)   and  dy(0)/dx = Ai’(0)  = a1 .
Thus the initial two values  y in the solution ( eq. (5) ) are,

y0= a0 = Ai(0)    , y1 = y0 + Ai’(0) ∆x   .                                        (8)
To generate the Bi(x) solution
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       (9)
with initial conditions 
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  , (10)

 let
y0= a0 = Bi(0)    , y1 = y0 + Bi’(0) ∆x   
FORTRAN code #2  develops the solutions Ai(x) and Bi(x). They are plotted in fig 2 and compared with those given in Fig 3, from ref 1.
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Figure 1.   The two independent solutions y1 , y2 .
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Fig 2. Functions Ai(x) and Bi(x).


Fig 3. Taken from http://en.wikipedia.org/wiki/Image:Airy_plot.svg , shows the solutions Ai(x) and Bi(x)
FORTRAN code #1 
c Airy equation     y'' = x y   IC y(0) , y'(0)

c ref http://www.sosmath.com/diffeq/series/series04/series04.html

c to generate first independent solution set I.C. y0=1. , (dydx)=0.

c      data yzero,dydx ,nstep1,nstep2/1.,0.,4000,1000/

c to generate second independent solution set I.C. y0=0.,(dydx)=1.

      data yzero,dydx ,nstep1,nstep2/0.,1.,4000,1000/

      xi=0.

      xf=-8

      dx=(xf-xi)/float(nstep1)

      kp=int(float(nstep1)/60.)

      kount=kp

      y0=yzero

      y1=y0+dydx*dx

      print 100 ,xi,y0

      do 10 i=2,nstep1

      x=xi+dx*float(i)

      y2=2.*y1-y0+dx**2*(x-dx)*y1

      if(i.eq.kount)then

      print 100,x,y2

      kount=kount+kp

      endif

      y0=y1

      y1=y2

10    continue

      print 100,x,y2

c end of first part

      xi=0.

      xf=2.5

      dx=(xf-xi)/float(nstep2)

      kp=int(float(nstep2)/30.)

      kount=kp

      y0=yzero

      y1=y0+dydx*dx

      do 20 i=2,nstep2

      x=xi+dx*float(i)

      y2=2.*y1-y0+dx**2*(x-dx)*y1

      if(i.eq.kount)then

      print 100,x,y2

      kount=kount+kp

      endif

      y0=y1

      y1=y2

20    continue

      print 100,x,y2

100   format(1x,'x y=',2(4x,e11.4))

      stop

      end

      FORTRAN code #2
c Airy equation     y'' = x y   IC y(0) , y'(0)

c ref http://www.sosmath.com/diffeq/series/series04/series04.html

c to generate first independent solution set I.C. y0=Ai0 ,(dydx)=Aiprime

c to generate second independent solutionset I.C. y0=Bi0,(dydx)=Biprime

      data nstep1,nstep2/4000,1000/

      ai0=1./(3.**(2./3.)*1.3541)

      aiprime=-1./(3.**(1./3.)*2.6789)

      bi0= 1./(3.**(1./6.)*1.3541)

      biprime= 3.**(1./6.)/2.6789

      xi=0.

      xf=-10.

      dx=(xf-xi)/float(nstep1)

      kp=int(float(nstep1)/80.)

      kount=kp

c  I.C. for Ai(x)

c      y0=ai0

c      y1=y0+aiprime*dx

c  I.C. for Bi(x)

      y0=bi0

      y1=y0+biprime*dx

      print 100 ,xi,y0

      do 10 i=2,nstep1

      x=xi+dx*float(i)

      y2=2.*y1-y0+dx**2*(x-dx)*y1

      if(i.eq.kount)then

      print 100,x,y2

      kount=kount+kp

      endif

      y0=y1

      y1=y2

10    continue

      print 100,x,y2

c end of first part

      xi=0.

      xf=3.

      dx=(xf-xi)/float(nstep2)

      kp=int(float(nstep2)/30.)

      kount=kp

c  I.C. for Ai(x)

c      y0=ai0

c      y1=y0+aiprime*dx

c  I.C. for Bi(x)

      y0=bi0

      y1=y0+biprime*dx

      do 20 i=2,nstep2

      x=xi+dx*float(i)

      y2=2.*y1-y0+dx**2*(x-dx)*y1

      if(i.eq.kount)then

      print 100,x,y2

      kount=kount+kp

      endif

      y0=y1

      y1=y2

20    continue

      print 100,x,y2

100   format(1x,'x y=',2(4x,e11.4))

      stop

      end

