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14. INTEGRAL EQUATIONS
For a broad overview of the topic of integral equations see ref.1 by professor  F. G. Tricomi of The Universityof Turin, Italy.
Abel integral equation is given by (see ref. 8), 

f(x)  = ∫  φ (ξ)/(x- ξ)1/2  dξ      0 ≤ ξ  ≤ x                           (1)


where φ (ξ ) is the unknown function and f(x) is a given

function.
The integration can be “turned around” and  an expression for φ (y)  results,


        (2)
In this note we use two different numerical procedures to solve (1)

and a related procedure to solve (2). All procedures deal in the same manner with the weak singularity at the end point of the integration when ξ =x. 
The kernel K(x,s) has a mild singularity at x=ξ .

In this note we present a simple algorithm (FORTRAN code) that avoids the 
singularity by evaluating the integrand at

 ξ = 0 +∆ξ/2  , 3(∆ξ /2), …. , (x-∆ ξ /2) .

One simply avoids the singularity by evaluating the last point at (x-∆ ξ /2).

This is taken care of  with the subroutine  aintg.

A separate FORTRAN code is provided for each procedure.

In all three cases we take  f(x)=x2 .

procedure (a)
Instead of eq(1) we introduce a coefficient c

and write

φ(x) = c { f(x) -∫ φ(ξ) ( x-ξ )1/2 d ξ }                            ( 3  )

It is solved by iteration

φn(x) = c { f(x) -∫ φn-1(ξ) ( x-ξ )1/2 d ξ }                       (4)

until a set  tolerance level can be reached. Column (a) of table 1 shows   φ(x) after  43  iterations with c=8   . 
We now assume that as c becomes large    
 φ(x)/c << f(x) and the approximate satisfies

f(x) ≈  ∫ φn-1(ξ) ( x-ξ )1/2 d ξ   . 

It is plotted as series 1 in figure 1
For example from table (1) , under the (a) heading,      at x= 0.5    , f(.5)=.25 while

φ(x)/c = .279/8=  .035  and  φ(x)/[cf(x)] = .14  
At x=1    f(1) =1   , φ(1)/c = .099 ,and , φ(1)/[cf(1)] = .10

FORTRAN code  for part(a)

c Abel Integral equation

c Methods of Applied Mathematics Francis B. Hildebrand ,Dover

c  Publications,   pages 320-321

c analytical  solution   alfa=0.5

      dimension phiold(0:3000), phinew(0:3000)

      equivalence (dx,dy) ,(nx,ny)

      data alfa,niter, coef/0.5, 700,8./

      f(x)=x**2

      nx=400

      dx=1./float(nx)

      dy=1./float(ny)

      kprint=int(float(nx)/20.)

      do 30 i=0,nx

      x=dx*float(i)

      phiold(i)=x

30    continue

      do 50 iter=1,niter

      do 10 i=1,nx

      x=dx*float(i)

      call  aintg(alfa,phiold,x,dx,i,sum)

      if(iter.eq.1)phinew(i)=coef*(f(x)-sum)

      if(iter.gt.1)phinew(i)=(coef*(f(x)-sum) + phiold(i) )/2.

      if(phinew(i).lt.0.)phinew(i)=abs( phinew(i))

10    continue

      phinew(0)=phinew(1)

c      print*,'   '

      diff=(phinew(nx-2)-phiold(nx-2))/phiold(nx-2)

      if(abs(diff).le.1.e-3.or.iter.eq.niter)then

      do 20 i=0,nx,kprint

      x=dx*float(i)

      print 100,iter,x,phinew(i),phiold(i)

20    continue

      goto 90

      endif

      do 15 i=0,nx

      phiold(i)=phinew(i)

15    continue

50    continue

100   format(1x,'i,x,phinew,phiold=',i4,3(3x,e10.3))

90    stop

      end

      subroutine aintg(alfa,phiold,x,dx,ix,sum)

      dimension phiold (0:3000)

      F(u,j)=phiold(j) /(x -u)**.5

      sum=0.

      do 10 j=1,ix

      y=dx*float(j)-dx/2.

      sum=sum + (dx/2.)*(f(y,j)+f(y-dx,j-1) )

10    continue

      return

      end

procedure (b)
Assume   φ(x) is a polynomial.

Lets   suppose for simplicity that it is a quadratic ,
                     φ(x)  = c0    + c1 x1  + c2 x2     .     (  5  )

From eq(1)  f(0) =0  therefore   c0 =0.  
A system of linear equations can be established using  eq. (1).
Let x1=0.5   and x2 = 1.  The first equation is
f(x1) = b1 = c1 a11 + c2 a21                                    (6)

where   a11 =  ∫  c1 ξ /(x- ξ)1/2  dξ      0 ≤ ξ  ≤ x1   (7)

            a12 =  ∫  c2 ξ2 /(x- ξ)1/2  dξ      0 ≤ ξ  ≤ x1   
The second equation is

f(x2) = b2 = c1 a21 + c2 a22                            ,         (8)

where   a21 =  ∫  c1 ξ /(x- ξ)1/2  dξ      0 ≤ ξ  ≤ x2   (9)

            a22 =  ∫  c2 ξ2 /(x- ξ)1/2  dξ      0 ≤ ξ  ≤ x2   .

The results are obtained using FORTRAN code (b)

The elements of the linear system   b1, b2 , a11 ,a12 ,a21, a22 are,

b(i)=  0.25

 i,j,a(i,j)= 1 1  0.438639075

 i,j,a(i,j)= 1 2  0.172198236

 b(i)=  1.

 i,j,a(i,j)= 2 1  1.24065864

 i,j,a(i,j)= 2 2  0.974100292

The coefficients  c1, c2   are,

 c1,c2=  0.333865851  0.601361573,
The polynomial  fit is  y(x) = c1 x + c2 x2 . It is plotted as series 2 in figure 1.
 x,y=    0.000E+00    0.000E+00

 x,y=    0.500E-01    0.182E-01

 x,y=    0.100E+00    0.394E-01

 x,y=    0.150E+00    0.636E-01

 x,y=    0.200E+00    0.908E-01

 x,y=    0.250E+00    0.121E+00

 x,y=    0.300E+00    0.154E+00

 x,y=    0.350E+00    0.191E+00

 x,y=    0.400E+00    0.230E+00

 x,y=    0.450E+00    0.272E+00

 x,y=    0.500E+00    0.317E+00

 x,y=    0.550E+00    0.366E+00

 x,y=    0.600E+00    0.417E+00

 x,y=    0.650E+00    0.471E+00

 x,y=    0.700E+00    0.528E+00

 x,y=    0.750E+00    0.589E+00

 x,y=    0.800E+00    0.652E+00

 x,y=    0.850E+00    0.718E+00

 x,y=    0.900E+00    0.788E+00

 x,y=    0.950E+00    0.860E+00

 x,y=    0.100E+01    0.935E+00

Fortran code (b)
c Solution to Abel Integral equation with a linear system of equations

c Methods of Applied Mathematics Francis B. Hildebrand ,Dover

c  Publications,   pages 320-321

c analytical  solution   alfa=0.5

      dimension a(10,10) ,b(10)

      equivalence (dx,dy)

      f(x)=x**2

      npoints=2

      deltax=1./float(npoints)

      do 10 i=1,npoints

      x=deltax*float(i)

      b(i)=f(x)

      print*,'b(i)=',b(i)

      do 10 jb=1,npoints

      call  aintg(jb,x,sum)

      a(i,jb)=sum

      print*,'i,jb,a(i,jb)=',i,jb,a(i,jb)

10    continue

      determ=a(1,1)*a(2,2)-a(1,2)*a(2,1)

      c1=(b(1)*a(2,2)-b(2)*a(1,2))/determ

      c2=(b(2)*a(1,1)-b(1)*a(2,1))/determ

      print*,'c1,c2=',c1,c2

      do 20 i=0,20

      x=.05*float(i)

      print 100 , x ,c1*x+c2*x**2

20    continue

100   format(1x,'x,y=',2(3x,e10.3))

      stop

      end

      subroutine aintg(jb,x,sum)

      F1(u,j)=u/(x -u)**.5

      f2(u,j)= u**2/(x -u)**.5

      sum=0.

      n=200

      dx=x/float(n)

      do 10 j=1,n

      y=dx*float(j)-dx/2.

      if(jb.eq.1)then

      sum=sum + (dx/2.)*(f1(y,j)+f1(y-dx,j-1) )

      endif

      if(jb.eq.2)then

      sum=sum + (dx/2.)*(f2(y,j)+f2(y-dx,j-1) )

      endif

10    continue

      return

      end

procedure (c)
This is a straight forward method since in eq  (2) 



the unknown function φ(x)  has been taken out of the integral.

The only remaining issue is the handling of the singularity of the kernel. It is dealt with in an identical way in all three procedures.

In this example f ’(x) = df/dx= 2x  and  f(0)=0.  FORTRAN code (c) carries the integration. The result is plotted as series 3 in figure (1).

Series (b) and series (c) are pretty close.

Fortran code (c )

FORCE

volterraweaksingularityPart2
volterraweaksingularityPart3

volterraweaksingularityPart4

     x                             (a)                      (b)                  (c)

	0.00E+00
	0.00E+00
	0.00E+00
	3.46E-05

	5.00E-02
	8.83E-03
	1.82E-02
	7.63E-03

	1.00E-01
	2.50E-02
	3.94E-02
	2.31E-02

	1.50E-01
	4.59E-02
	6.36E-02
	4.37E-02

	2.00E-01
	7.06E-02
	9.08E-02
	6.84E-02

	2.50E-01
	9.87E-02
	1.21E-01
	9.66E-02

	3.00E-01
	1.30E-01
	1.54E-01
	1.28E-01

	3.50E-01
	1.64E-01
	1.91E-01
	1.63E-01

	4.00E-01
	2.00E-01
	2.30E-01
	2.00E-01

	4.50E-01
	2.38E-01
	2.72E-01
	2.39E-01

	5.00E-01
	2.79E-01
	3.17E-01
	2.81E-01

	5.50E-01
	3.22E-01
	3.66E-01
	3.25E-01

	6.00E-01
	3.67E-01
	4.17E-01
	3.72E-01

	6.50E-01
	4.14E-01
	4.71E-01
	4.20E-01

	7.00E-01
	4.63E-01
	5.28E-01
	4.71E-01

	7.50E-01
	5.13E-01
	5.89E-01
	5.23E-01

	8.00E-01
	5.65E-01
	6.52E-01
	5.77E-01

	8.50E-01
	6.19E-01
	7.18E-01
	6.33E-01

	9.00E-01
	6.74E-01
	7.88E-01
	6.91E-01

	9.50E-01
	7.31E-01
	8.60E-01
	7.50E-01

	1.00E+00
	7.90E-01
	9.35E-01
	8.11E-01


Table 1.
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