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Their results are
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A mathematical treatment is given in the above reference to the energy spectrum of a quartic oscillator and others , e.g. x6 and x8.

We give here a simple numerical treatment integrating  Schrodinger’s equation into the region x>> x turning point .

The oscillator equation , for the quartic oscillator .we take it to be originally 

-(hbar**2/(2m) ) d2 ψ/dx2  + (1/2) k x4 ψ = E ψ              . (1)
Let hbar=1 , m=(1/2)  , k=2  and the equatuion becomes 
- d2 ψ/dx2  +  x4 ψ = E ψ                                          .     (2)  
The unit of length is

L0 =  (hbar**2/(m k) ) 1/6                                             (3)

and the unit of energy is 

ε0 = k (L0 )4                                                                . (4) 

The Fortran code is given below.
For even states  ψ(0)= 1.   , dψ/dx =0.

For odd states  ψ(0)= 0.   , dψ/dx =1. 
E(ground state) ≈ 1.06au    (k=0 in ref.1 notation)
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E=1.06 au
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The next pair of graphs are for odd states (k=1 ,k=3).
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k=1  E=3.80
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FORTRAN CODE

c quartic quantum oscillator

cREFERENCE http://www.iop.org/EJ/article/0305-4470/32/38/102/a938l2.pdf

c     Quantum harmonic oscillator  mass=1./2., k=2.

c  Let schr eq be  - (hbar**2/(2*m)*psi'' + (1/2)*k*x**4 * (psi) = E Psi

c let m=1./2.  k=2.then  Schr becomes  -psi''+x**4 = epsi

c level energies from ref.1 //1.06,3.79,7.45,11.64,16.26,21.24

      dimension psi(0:5000), psifin(200) , energy(200)

      equivalence (dx,h)

      v(x)=x**4

      g(x,i)=(e-v(x))*psi(i)

      eini=.90

      efinal=1.11

      nstep=1000

      niter=60

      de=(efinal-eini)/float(niter)

      e=eini

      do 110 iter=1,niter

      xlim=2.5*e**(1./4.)

      dx=xlim/float(nstep)

c intial conditions -even n -psi(0)=1.  psi(1)=1.

c odd n    psi(0)=0.  psi(1)=h+psi(0)

      psi(0)=1.

      psi(1)=psi(0)

c      psi(0)=0.

c      psi(1)=h

      do 100 i=2,nstep

      x=dx*float(i)

c      psi(i)=- 2.*h**2*g(x-dx,i-1)+2.*psi(i-1)-psi(i-2)

c   Schr eq in ref. 1 fro the oscillator is written

c    as -psi''+(x^4)*Psi=E*psi

      psi(i)=- h**2*g(x-dx,i-1)+2.*psi(i-1)-psi(i-2)

100   continue

c  psifin(iter) is  scaled down for plotting purposes

      energy(iter)=e

      psifin(iter)=psi(nstep)

      e=e+de

110   continue

      do 20 i=1,niter

      write(6,120)energy(i),psifin(i)

20    continue

120   format(3x,'energy, psif=',3x,e11.4,3x,e11.4)

      stop

      end

