Definite integral of  trigonometric functions
By Reinaldo Baretti Machín

Reference :

1.R. Churchill and James Brown, Complex Variables, 3rd edition,

page 187.

A definite integral 
 ∫ F(sin (θ) , cos (θ)  ) d θ ,                                          (1)

 from 0 to 2π is transforned into a 

function of z by the substitution   z= exp(i θ)   and consequently

sin (θ) = ( exp(i θ)  - exp(-i θ) ) /(2i)   =  (z - 1/z ) /(2i)      (2)    

cos(θ ) =   (z + 1/z ) /(2)                                                    (3)   
and    dz = i (d θ) exp(i θ) =  i (d θ) z          or,

d θ = dz/(iz)                                                                      (4)

Evaluate    

 I   =  ∫ d θ /(1+ a sin (θ ) )         from 0 to 2π .
With the above substitutions   I is transformed into

  f(z)=(2./a)/(z**2+2.*rooti*z/a -1.)                                  (5)

where rooti = ( -1) ½ .

We integrate numerically ( see the code below)

∫ f(z)dz in a circle of unit radius around the origin. 

The analytical answer is   2π/ ( 1- a2 )1/2 
Run    with a= .5

  real(sum1) + real(sum2) =  7.25519705

 analytical answ               =  7.255198

FORTRAN CODE

c complex integration   Integral of z**(-a) /(z+1.) p.189-191

c  R. V.  Churchill

      complex z , sum1,sum2,f ,rooti,dz ,z1,z2

c      f(z)=exp(rooti*z)/(z**2+1.)**2

c      f(z) = 1./(z**2+1.)

      f(z)=(2./a)/(z**2+2.*rooti*z/a -1.)

      rooti=(0.,1.)

      pi=2.*asin(1.)

      r=1.

      a=.5

      thetai =0.

      thetaf=2.*pi

      sum1=(0.,0.)

      nstep=5000

      dtheta=(thetaf-thetai)/float(nstep)

c intergral over semicircle of radius=r

      do 10 i=1, nstep

      theta=thetai+float(i)*dtheta

      z1=cmplx(r*cos(theta), r*sin(theta))

      z2=cmplx(r*cos(theta-dtheta), r*sin(theta-dtheta))

      dz=r*exp(rooti*theta)*rooti*dtheta

      sum1=sum1 + (dz/2.)*(f(z1) + f(z2))

10    continue

c integral over X axis

      sum2=(0.,0.)

c      x1=-r

c      x2=r

c      dx=(x2-x1)/float(nstep)

c      dz=cmplx(dx,0.)

c      do 20 i=1,nstep

c      z=cmplx(x1+dx*float(i),0.)

c      sum2=sum2+(dz/2.)*(f(z) + f(z-dx))

c20    continue

      print*,'real(sum1)+ real(sum2) =',real(sum1)+real(sum2)

      print*,'ans=', 2.*pi/sqrt(1.-a**2)

      stop

      end

