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The WKB approximation yields the energery eigenvalues via the integral 

(n+1/2) hbar*(2π) =  2 (2m)1/2 ∫ [E- V(x) ]1/2 dx     (1)

where the integral is between xleft and xright . They are the classical turning points where  E = V(x).  Integral (1) can be calculated analytically in a few   cases. One of them is the quantum oscillator with

 V(x) = (1/2) k x2                                                   . (2)
Then  ∫ [E- V(x) ]1/2 dx     = π E /(2k)1/2                 . (3)

Inserting (3) in (1) gives the well known result

En = (hbar) (k/m)1/2 ( n+1/2)         or

En = (hbar) ω ( n+1/2)                                            .(4)

What we do presently is integrate 

I= (1/(2π ))*  2 (2m)1/2 ∫ [E- V(x) ]1/2 dx  
for a wide range of values of E                          . (5)

Plotting I vs E , (hbar=1 in this work), the energy eigenvalues are those for 

which I equals 0.5 , 1.5, 2.5, ….(n+1/2). The merit of the procedure is that it can be used in the cases when the integral does not have an analytical answer.

In the example below m=1, k=4 , hbar=1 , ω =2
thus E = 2 (n+1/2)  = 1. ,   3. ,   5. , 7.
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c THE WKB approximation

      real mass , k

      data mass, k ,nstep/ 1.,4., 5000/

c omega =sqrt(K/m)  En= hbar*omega*(n+1/2)

      V(x)=(1./2.)*k*x**2

      wkb(x) =(1./(2.*pi))*2.*sqrt(2.*mass)*sqrt(e- V(x) )

      pi=2.*asin(1.)

      omega=sqrt(k/mass)

      print*,'e0,e1,e2=',omega*(1./2.), omega*(3./2.),omega*(2.5)

      ei=.1

      ef=6.

      iter=60

      de=(ef-ei)/float(iter)

      e=ei

      do 10 ie=1,iter

      xright=sqrt((2.*e)/k)

      xleft=-xright

      dx=(xright-xleft)/float(nstep)

      sum=0.

c      print*,'xleft, xright=',xleft,xright

      do 20 i=1,nstep

      x=xleft+dx*float(i)

      if((e-V(x)).ge.0.0.and.(e-v(x-dx)).ge.0.0)then

      sum=sum+(dx/2.)*( wkb(x-dx) +wkb(x) )

      endif

20    continue

      print 100,e,sum

      e=e+de

c      print*,'  '

10    continue

100   format(2x,'e,Integral=',2(4x,e11.4))

      stop

      end
