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The volume of a sphere’s octant of radius 1,  is π/6.

The volume of a sphere octant is 

V = ∫ ( 1- x2 –y2)1/2 dx dy ,        0 ≤ x ≤ 1 ,  0 ≤ y ≤ 1   .
Let f(x,y) =( 1- x2 –y2)1/2   , then the average 

f(average)  = ∑  f(xi ,y i)/N   where the N samples of (xi ,y i) are take randomly.

By definition  f(average)  = (1/area) ∫ ( 1- x2 –y2)1/2 dx dy   where 

Area= (1/4) π  . Hence the estimate of the volume is 

V = (π/4) f(average) .

The FORTRAN code is given below which includes a simple random number code .

Various estimates of V are given as a function of the number of trials= Nstep. From this a smaller portion = nhits are counted. Those coordinates where   x2 + y2 >1 are rejected.
nstep,hits= 100  71.

 vol Monte Carlo=  0.547060013  exact vol octant=  0.52359879
nstep,hits= 1000  781.

 vol Monte Carlo=  0.518631279  exact vol octant=  0.52359879
nstep,hits= 10000  7835.

 vol Monte Carlo=  0.522119582  exact vol octant=  0.52359879

FORTRAN CODE 

c volume of a sphere octant of radius =1 , is  pi/6.

      data nstep/5000/

      f(x,y)=sqrt(1.-x**2-y**2)

      pi=2.*asin(1.)

      xs=3.

      sum=0.

      hit=0.

      do 10 i=1,nstep

      call ran(xs,pi,x1)

      ys=x1**2*float(i)*1.e3

      call ran(ys,pi,y1)

      xs=y1**2*float(i)*1.e4

      if((x1**2+y1**2).le.1.)then

      sum=sum+f(x1,y1)

      hit=hit+1.

      endif

10    continue

      sumave= sum/hit

      vol=sumave*pi/4.

      print*,'hit=',hit

      print*,'vol Monte Carlo=',  vol, '  exact vol octant=',pi/6.

      stop

      end

      subroutine ran(x,pi,z)

      y=(pi*x)**(1./3.)

      z=abs(y-int(y))

      return

      end

