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One variational parameter –a- is employed to find analytical expression for the repulsive energy terms in an atom like Vee(1s,1s) , Vee(1s,2s) , Vee(1s3s), Vee(2s,2s) , Vee(2s,3s)  and Vee(3s,3s).
If one makes the approximation a ≈ Z a reasonable estimate is obtained for this terms.

 Take the wavefunctions to be

ψ1s(a,r) = ( a3 / π) ½  exp(-a r)                                            (1)        

ψ2s(a,r) =( a3 /(32π)) 1/2 (2-ar)  exp(-a r/2 )                       (2)

ψ3s(a,r) =(1/81)( 1/(3π)1/2 ) a 3/2 (27-18ar +2(ar)2 ) exp(-a r/3 )   (3)        
To calculate Vee(1s,1s) , Vee(1s,2s)  and  Vee(1s3s) define first 
φ1s(r) =   {  (1/r)   ∫ 4 π u2 ψ2 1s (u) du   ,  ( 0 ≤  u ≤ r   )
                + ∫ 4 π u ψ2 1s (u) du   ( r ≤  u ≤ ∞ )    }            (4)  

Then 

Vee(1s,1s) =  ∫ 4 π r2  φ1s(r)  ψ2 1s (r) dr  ,  ( 0 ≤  r ≤  ∞)     (5)      

Vee(1s,2s) =∫ 4 π r2  φ1s(r)  ψ2 2s (r) dr  ,  ( 0 ≤  r ≤ ∞)   ,    (6) 
and

Vee(1s,3s) =∫ 4 π r2  φ1s(r)  ψ2 3s (r) dr  ,  ( 0 ≤  r ≤ ∞)   .   (7)
Before performing the integrals an even  simpler approximation to VEE is provided using the concept of Bohr orbital radius .

Let Vee = 1/rnk      where rnk  = ( n2 + k2 ) /Z   is  the “distance”
between an electron with principal quantum number n and another with principal quantum number  k. Substitute Z with the variational single parameter a , then 

 Vee = a/( n2 + k2 ) .

The table is given below.

We read from it that 

Vee(1s,1s) ≈ .5

Vee(1s,2s) ≈ .2

Vee(1s,3s) ≈ .1

Vee(1s,4s) ≈ .588e-1

Vee(2s,2s) ≈ .125

Vee(2s,3s) ≈ .769e-1
c     vee/alfa   bohr approximations

      dimension Vee(10,10)

      do 10 n=1,4

      do 10 k=1,4

      vee(n,k)=1./(float(n)**2+float(k)**2)

10    continue

      print*,'vee(i,j)/alfa ='

      print*,'  '

      print 100 ,( (vee(i,j),j=1,4),i=1,4)

100   format(4(2x,e10.3))

      stop

      end

Table of Vee

vee(i,j)/alfa =

            (1s)               (2s)               (3s)           (3s)

 1s    0.500E+00   0.200E+00   0.100E+00   0.588E-01

 2s    0.200E+00   0.125E+00   0.769E-01   0.500E-01

 3s    0.100E+00   0.769E-01   0.556E-01   0.400E-01

 4s    0.588E-01   0.500E-01   0.400E-01   0.313E-01

Matlab Code for Ve1s1s
syms a u r ;

psi1s=sqrt(a^3/pi)*exp(-a*u) ;

 f1=(1/r)*4*pi*u^2*psi1s^2 ;

  f2=4*pi*u*psi1s^2 ;

pot1s1= int(f1,u,0,r); 

pot1s2 = int(f2,u);

u=r  ;  pot1s2=-eval(pot1s2) ;

psi1s=sqrt(a^3/pi)*exp(-a*r);

 phi1s=pot1s1+pot1s2;

f3=4*pi*r^2*psi1s^2*phi1s;

ve1s1s=-int(f3,r)

r=0;  eval(ve1s1s)

In Command Window

>>  

ve1s1s =

-4*a*(1/4*a^2*r^2*exp(-a*r)^4+1/8*a*r*exp(-a*r)^4+1/32*exp(-a*r)^4)+4*a*(-1/4*a*r*exp(-a*r)^4-1/16*exp(-a*r)^4)-4*a*(-1/2*exp(-a*r)^2*a*r-1/4*exp(-a*r)^2)

ans =

5/8*a

Thus 

                            Ve1s1s= (5*a)/8                   .  (8)
                                        = 0.6250
Matlab Code for Ve1s2s

%calculation of Ve1s2s
syms a u r ;

psi1s=(a^3/pi)^(1/2)*...
exp(-a*u); 
psi2s=(a^3 /(32*pi))^(1/2)*(2-a*r)*...
exp(-a*r/2);
f1 =(1/r)*4*pi*u^2*psi1s^2;
v1=int(f1,u,0,r);
f2=4*pi*u*psi1s^2;
v2=int(f2,u);
u=r ;v2= -eval(v2) ;
f=4*pi*r^2*psi2s^2*(v1+v2); 
ve1s2s= int(f,r);
r=0 ; -eval(ve1s2s)
 
ans =
17/81*a
>> 

 Thus      

            Ve1s2s= (17/81)*a         (9)
                  =.20987                      



Matlab Code for Ve1s3s

%calculation of Ve1s3s

syms a u r ;

psi1s=(a^3/pi)^(1/2)*...

exp(-a*u); 

psi3s=(1/81)*(1/(3*pi)^(1/2))*a^(3/2)*...

    (27-18*a*r+2*(a*r)^2)*exp(-a*r/3);

exp(-a*r/2);

f1 =(1/r)*4*pi*u^2*psi1s^2;

v1=int(f1,u,0,r);

f2=4*pi*u*psi1s^2;

v2=int(f2,u);

u=r ;v2= -eval(v2) ;

f=4*pi*r^2*psi3s^2*(v1+v2); 

ve1s3s= int(f,r);

r=0 ; vee= -eval(ve1s3s)
>>  

vee =

67653433890329781754051/680020773533228910772224*a

>> eval(vee)

ans =

815/8192*a

Thus  

                                      Ve1s3s =  (815/8192)* a      .      (10)

                                                   =   9.9487E-2

******
MATLAB CODE for Ve2s2s

%calculation of Ve2s3s
syms   a    u  r   ;
%psi2s=(a^3 /(32*pi))^(1/2)*(2-a*u)*...
%    exp(-a*u/2);
%f1 =(1/r)*4*pi*u^2*psi2s^2;
%v1=int(f1,u,0,r)
%f2=4*pi*u*psi2s^2;
%v2=int(f2,u)
%u=r ;v2= -eval(v2) ;
psi2s=(a^3 /(32*pi))^(1/2)*(2-a*r)*...
    exp(-a*r/2);
v1 =...
-1/8*(-8+8*exp(-a*r)+8*exp(-a*r)*a*r+...
    4*exp(-a*r)*a^2*r^2+exp(-a*r)*a^4*r^4)/r;
v2= 1/8*exp(-1/2*a*r)^2*a*(2+2*a*r-a^2*r^2+a^3*r^3);
f=4*pi*r^2*psi2s^2*(v1+v2); 
ve2s2s= int(f,r);
r=0 ; ve=-eval(ve2s2s)
ve =
77/512*a
a=1; eval(ve)
ans =
  1.5039e-001
  Thus   

          Ve2s2s = 77/512*a

                 = 1.5039e-001*a  .   (11)
******
Matlab Code for Ve2s3s
From the table we expect Ve2s3s ≈ 7.69e-2  .

Using MATLAB we obtain ,

                Ve2s3s= 8.4114e-2 * a                              .   (11) 

%calculation of Ve2s3s
syms   a    u  r   ;
%psi2s=(a^3 /(32*pi))^(1/2)*(2-a*u)*...
%    exp(-a*u/2);
%f1 =(1/r)*4*pi*u^2*psi2s^2;
%v1=int(f1,u,0,r)
%f2=4*pi*u*psi2s^2;
%v2=int(f2,u)
%u=r ;v2= -eval(v2) ;
psi3s=(1/81)*(1/(3*pi)^(1/2))*a^(3/2)*(27-18*a*r+...
    2*(a*r)^2)*exp(-a*r/3); 
v1 =...
-1/8*(-8+8*exp(-a*r)+8*exp(-a*r)*a*r+...
    4*exp(-a*r)*a^2*r^2+exp(-a*r)*a^4*r^4)/r;
v2= 1/8*exp(-1/2*a*r)^2*a*(2+2*a*r-a^2*r^2+a^3*r^3);
f=4*pi*r^2*psi3s^2*(v1+v2); 
ve2s3s= int(f,r);
r=0 ; ve=-eval(ve2s3s)
%ans =
 % 8.4114e-002*a
Matlab Code for Ve3s3s
From the table we can expect that Ve3s3s ≈ 4.00e-2 .
The answer is 

                          Ve 3s3s = (17/256) a                                        (12)

                                        = 6.6406e-002 *(a)

% evaluation of ve3s3s

syms a r u ;

%psi2s=(a^3 /(32*pi))^(1/2)*(2-a*u)*...

%    exp(-a*u/2);

psi3s=(1/81)*(1/(3*pi)^(1/2))*a^(3/2)*(27-18*a*u+...

    2*(a*u)^2)*exp(-a*u/3); 

%f1 =(1/r)*4*pi*u^2*psi2s^2;

%f1 =(1/r)*4*pi*u^2*psi3s^2;

%v1=int(f1,u,0,r);

%eval(v1)

% v1= 

%(-2/9*a^2*r^2*exp(-2/3*r*a)-exp(-2/3*r*a)-4/81*...

 %   a^4*r^4*exp(-2/3*r*a)+8/729*a^5*r^5*...

  %  exp(-2/3*r*a)-8/6561*a^6*r^6*exp(-2/3*r*a)...

  %  -2/3*r*a*exp(-2/3*r*a)+1)/r

f2=4*pi*u*psi3s^2;

v2=int(f2,u)

u=r ;v2= -eval(v2) ;

%v2= 

%-4/2187*a*(-81/2*r*a*exp(-1/3*r*a)^2...

%-243/4*exp(-1/3*r*a)^2+27*a^2*r^2*...

 %   exp(-1/3*r*a)^2-30*a^3*r^3*...

 %   exp(-1/3*r*a)^2+7*a^4*r^4*...

 %   exp(-1/3*r*a)^2-2/3*a^5*r^5*exp(-1/3*r*a)^2)

 % last block

 psi3s=(1/81)*(1/(3*pi)^(1/2))*a^(3/2)*(27-18*a*r+...

    2*(a*r)^2)*exp(-a*r/3);

v1=... 

(-2/9*a^2*r^2*exp(-2/3*r*a)-exp(-2/3*r*a)-4/81*...

    a^4*r^4*exp(-2/3*r*a)+8/729*a^5*r^5*...

    exp(-2/3*r*a)-8/6561*a^6*r^6*exp(-2/3*r*a)...

    -2/3*r*a*exp(-2/3*r*a)+1)/r ;

v2=...

-4/2187*a*(-81/2*r*a*exp(-1/3*r*a)^2 ...

-243/4*exp(-1/3*r*a)^2+27*a^2*r^2*...

    exp(-1/3*r*a)^2-30*a^3*r^3*...

    exp(-1/3*r*a)^2+7*a^4*r^4*...

    exp(-1/3*r*a)^2-2/3*a^5*r^5*exp(-1/3*r*a)^2);

f=4*pi*r^2*psi3s^2*(v1+v2);

ve3s3s= int(f,r);

r=0 ; ve=-eval(ve3s3s)
ve =

17/256*a

>> a=1; eval(ve)

ans =  6.6406e-002

*******
UNDER CONSTRUCTION  TO BE COMPLETED (7  feb 2008)
