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a) The Lorentz condition

The electric and magnetic fields E and B are obtained from the potential functions ,  

E = - grad Ф - ∂ A/∂ t                                           (5.1)

B= del x A                                                           (5.2)

In SI units  E ~ volts/meter     B ~ teslas  , Ф~volts    

A ~ teslas-meters

The Lorentz condition imposed on  the electromagnetic potentials A and Ф has the form 

del ∙ A  + ∂ Ф /(c2 ∂ t) =0                       .             (5.1)

Define the four potential 

Фμ = (Ф ,c A )          (μ = 0,1,2,3)                          (5.2)

and the covariant four gradient

∂μ = (∂ /(c ∂ t) , ∂1 , ∂2,   ∂3  )           .                  (5.3)

Then eq (5.1) is cast in the form of a four divergence 

∂μ Фμ = 0.                                                             (5.4)

The contravariant gradient has a change in signs in the spatial derivatives

∂μ = (∂ /(c ∂ t) ,- ∂1 , -∂2,  - ∂3  )                           (5.5)

and    ∂μ = g μγ ∂γ                    .

b) The electromagnetic field tensor

The antisymmetric electromagnetic field tensor is defined here  by

F μ λ =- ε0c ( ∂λ Фμ -   ∂μ Фλ )                                 , (5.6)

   thus              F μ λ = -Fλμ    ;  F μ μ =0.

In the present notation the first superscript ( μ ) is attached by definition to the component  of the potential  Фμ , while λ corresponds to the coordinate index in the first derivative.

Recall the definition of the contravariant gradient , ∂μ in 5.5 .

F01 =- ε0c { ∂ Ф1 /∂(x 0 ) -  ∂ Ф0 /∂ (-x1)} =- ε0c{∂Ф /∂ x  +  ∂ (c Ax )/∂ (ct)}

     = + ε0c Ex                                                                                    (5.7)

F02 =+ ε0c Ey       and       F03 = + ε0c Ez                                                          (5.8)                                                                                        (5.9)

F12 = - ε0c  {∂ Ф1 /∂(- x 2 ) -∂ Ф2 /∂ (-x1 )} 

       =  - ε0c  {   ∂ cAx /∂(- y ) - ∂ cAy/∂ (-x) }

        = -( 1/μ0 ) Bz                                                              (5.10)     

F13= - ε0c  {∂ Ф1 /∂(- x 3 ) -∂ Ф3 /∂ (-x1 )}

     = +( 1/μ0 ) By                                                                  (5.11)

F23=  - ε0c  {∂ Ф2 /∂(- x 3 ) -∂ Ф3 /∂ (-x2 )}

     =    -( 1/μ0 ) Bx                                                               (5.12)                                                                                                                          

It should be noticed that the explicit expression for  F μ λ varies both with the coordinates convention  and the system of units.

The reason for the factor in front of the derivatives in (5.6) becomes clear when the Maxwell equations are written in covariant form.

Arranging the complete F μ λ   ,

                           column index   →   0           1           2           3

                           row index 

                              ↓               0          0       ε0c Ex   ε0c Ey     ε0c Ez 

  F μ λ   =                                                 

                                               1  -ε0c Ex          0      -Bz /μ0     By /μ0                                                                  

                                               2  -ε0c Ey      Bz /μ0       0        -Bx /μ0                                                                

                                               3  -ε0c Ez     -By /μ0    Bx /μ0     0                                                                                                                                                     

Recall that the current density J ~ amp/m2 and the charge density  ρ ~ C/m3 satisfy the conservation law

del ∙ A + ∂ρ/ ∂t= 0 .                                                                         (5.13 )

So a four current density is defined by   

Jμ = (c ρ , J i )                                                                                     (5.14) 

and its zero divergence (eq 5.13) is written in covariant form as  ∂μ Jμ     = 0   

c) Maxwell equations in covariant form

The Maxwell equations in covariant form take a rather succinct expression.

Two equations, the divergence of E and Ampere’s law with the displacement current are summarized by

∂μ F γμ =   Jγ                                                                                 (5.14)

The law 

  ∂λ  F γμ    +   ∂γ  F μλ +     ∂μ F λγ    =     0                ,                  (5.15)  

summarizes  both ,  del ∙ B =0 and Faraday’s induction law.

In the primed frame 

∂’μ F ‘ γμ =   J’ γ                                                                                 (5.14)

and

  ∂’λ  F’ γμ    +   ∂ ‘γ  F’ μλ +     ∂ ‘μ F’ λγ    =     0                

 Let us corroborate that   ∂μ F 0μ =   J0 =    c ρ  .

 ∂μ F 0μ = ∂0 F 00 +∂1 F 01 +∂1 F 01 + ∂3 F 03 

            = 0    +  ∂ ε0c Ex /∂x + ∂ ε0c Ey /∂y + ∂ ε0c Ez /∂z =

             =  ε0c del ∙ E = ε0c (ρ / ε0 )   = c ρ ,                          (5.16)

or del ∙ E=  ρ/ ε0 .

The x- component of Amperes’s law is given by

∂μ F 1μ =  ∂0 F 10  +   ∂1 F 11 +  ∂2 F 12  + ∂3 F 13 =

           = ∂ -ε0c Ex /∂ct  + 0 + ∂ (Bz /μ0 ) /∂y  + ∂ (-By /μ0 ) /∂z

            = J1                                                                       (5.17)

or     (del x B) x = μ0 J1 +    μ0 ε0 ∂Ex /∂t  .

For the other two laws we go to (5.15).

∂2 F 31 +  ∂3 F 12 +  ∂1F 23 

=  (1/ μ0) { ∂By /∂ y  + ∂Bz/∂z  +   ∂Bx /∂x }   = 0 ,        (5.18)

or    del ∙ B =0 .

The x- component of  Faradays law is 

∂0 F 23  +   ∂2 F 30  +   ∂3 F 02 = 0  ,

∂ (- Bx /μ0 )/∂ ct + ∂( -ε0c Ez )/∂y  +   ∂ (ε0c Ey )/∂z }  =0 ,  (5.19)

or      ( del x E )x =  - ∂ ( Bx  )/∂ t     .

d) transformation of a field  E

Let  a field E = ( Ex , Ey , Ez ) , be given in the K frame.

In the lab frame ( K frame ) 

                           column index   →   0           1           2           3

                           row index 

                              ↓               0          0       ε0c Ex   ε0c Ey     ε0c Ez 

  F μ λ   =                                                 

                                               1  -ε0c Ex          0           0            0                                                                  

                                               2  -ε0c Ey          0           0            0                                                                

                                               3  -ε0c Ez          0           0            0                                                                                                                                                     

We find next the components of  F’μγ . The general transformation law is 

given by eq 2.4  , F’ μγ  =  ∑α, β    Λμ α  Λμ β   Fαβ  .                                      

The first row elements are 

F’0i ≡ ε0c E’x = ∑α, β    Λ0 α  Λi β   Fαβ .

Then 

F’01 =  ∑α, β    Λ0 α  Λ1 β   Fαβ = Λ0 0  Λ1 β   F0β + Λ0 1  Λ1 β   F1β
       =  (Λ0 0  Λ1 0   F00 + Λ0 0  Λ1 1   F01 )  +  (Λ0 1  Λ1 0  F10 + Λ0 1  Λ1 1   F11)

       = ( 0                  +     γ γ (ε0c Ex)   )  + (  (-βγ)2 (- ε0c Ex)  +   0)

       = ε0c Ex (  γ2 (1-  β2 ) ) = ε0c Ex   

or   E’x = Ex .

F’02 = ∑α, β    Λ0 α  Λ2 β   Fαβ =  ∑α Λ0 α  Λ2 2   Fα2 

       = Λ0 0  Λ2 2   F02 + Λ0 1  Λ2 2   F12  +  Λ0 2  Λ2 2   F22 + Λ0 3  Λ2 2   F32  

      =   γ (1) ε0c Ey  + 0 .

Thus  

   E’y  = γ  Ey    and likewise    E’z  = γ  Ez      , the transversal electric field 

components are augmented by the gamma factor.

In the moving ( K’) frame there will be a magnetic field.

F’12 =∑α, β    Λ1 α  Λ2 β   Fαβ = ∑α    Λ1 α  Λ2 2   Fα2
       = Λ1 0 Λ2 2   F02 = - βγ ( ε0c Ey)

       ≡  -B’z /μ0     

or    B’z  = - βγ ( Ey/c)  .

     F’13 =∑α, β    Λ1 α  Λ3 3   Fαβ ==∑α  Λ1 α  Λ3 3  Fα3 

       = Λ1 0  Λ3 3  F03  + Λ1 1  Λ3 3  F13    

       = (- βγ) ε0c Ez   + 0

      B’y / μ0  =(- βγ) ε0c Ez     , or  B’y = - βγ (Ez/c )   

Now  ,F’23 =∑α, β    Λ2 α  Λ3 β   Fαβ ==∑α  Λ2 α  Λ3 3   Fα3
                =  Λ2 2  Λ3 3   F23 = 0, or

B’x =0.

In the K’ frame 

                           column index   →   0            1              2                     3

                           row index 

                              ↓               0          0         ε0cEx       ε0cγ Ey             ε0cγ Ez 

  F’ μ λ   =                                                 

                                               1  -ε0cγ Ex          0       -βγ ε0c Ey          - βγε0cEz                                                                           

                                               2  -ε0c γEy     βγ ε0c Ey      0                   0                    

                                               3  -ε0cγ Ez      βγε0cEz        0                  0                                                                                        

e)invariants

Two invariants can be formed with products of F μ γ.

First form the doubly covariant tensor  Fμγ  =∑αβ  gμα  g γβ F αβ  .

It can be verified that it only changes the sign of the zeroth row and the signs of the zeroth column.

Thus 

                           column index   →   0           1           2           3

                           row index 

                              ↓               0          0       -ε0c Ex   -ε0c Ey     -ε0c Ez 

  F μγ  =                                                 

                                               1  ε0c Ex          0      -Bz /μ0     By /μ0                                                                  

                                               2  ε0c Ey      Bz /μ0       0        -Bx /μ0                                                                

                                               3  ε0c Ez     -By /μ0    Bx /μ0     0                                                                                                                                                     

The product     ∑ μγ    F μγ  F μγ  = invariant

                                                  = 2{ - (ε0c) 2 E2 +  (B / μ0)2 }           (    )

Another doubly covariant  tensor  F* μγ  is formed using the totally antisymmetric tensor    eμγαβ  ,

      F* μγ  =   (1/2) (  ∑α β  eμγαβ Fαβ )                                          (  )                                                                     

   For example    e0123 = 1  ,   e1023  = (-1) e0123=-1   ,  

   e1032 = (-1) e0132 = (-1) (-1) e0123 = +1    etc. Each permutation introduces  

the factor (-1) .

      F* 01  = (1/2)  (    ∑α β     e01αβ Fαβ )   = (1/2)( e0123 F23 +  e0132 F32 )    

              = (1/2) (   -Bx /μ0    +(-1) Bx /μ0  )  = -Bx /μ0   .      (   )

Also    F* 02 =   (1/2)( e0213 F13 +  e0231 F31 )  = (1/2)( - By /μ0  + (- By /μ0 ) )

                    =   -By /μ0                                                        ,   (   )   

and    F* 03 =(1/2)( e0312 F12 +  e0321 F21 )  = 

               =(1/2) { (+1)( -Bz /μ0) + (-1) (Bz /μ0) } = - Bz /μ0                                                           

The other elements are  

F* 12 = (1/2)( e1203 F03 +  e1230 F30 )  = 

       = (1/2) (  ε0c Ez +    (-1)(-ε0c Ez )  )  =  + ε0c Ez        ,       (   )

F* 13  =  (1/2)( e1302 F02 +  e1320 F20 ) = -  ε0c Ey    ,                    (  )

F* 23  =  (1/2) (  e2310 F10 +  e2301 F01 )=  + ε0c Ex     .                 (   )

Hence,

                          column index   →   0           1            2            3

                           row index 

                              ↓               0          0       -Bx /μ0    -By /μ0   -Bz /μ0   

  F*μγ    =                                                 

                                               1      Bx /μ0         0        ε0c Ez   - ε0c Ey                                                                     

                                               2      By /μ0    -ε0c Ez      0         ε0c Ex                                                                    

                                               3      Bz /μ0     ε0c Ey    - ε0c Ex       0                                                                

The product       F*μγ    Fμγ   = 2 (ε0c/ μ0) ( -E∙ B) = invariant

End of Lecture 5

