Lecture 4.  Four vectors 
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a)The velocity four vector  is obtained by differentiation with respect to the proper time dτ
u0  = c dt/dτ = γ c                
u1   = dx/dτ  = γ vx   ,  u2 = γ vy  , u3 = γ vz              (4.1)

Remember u0 = u0 and ui = - ui (i=1,2,3) as with all four vectors. 
The length squared is the  invariant
∑ μ   uμ uμ = γ2 c2 -   γ2 v2  = c2                                      (4.2)

b) four momentum

The four momentum of a free particle of mass m is

                                  pμ = m uμ .                                        (4.3)

Its four contravariant components  are

p0 =  γ m c   ,    p1 = γ vx ,  p2 = γ vy    , p3 = γ vz                (4.4)

The length squared is 

∑ μ   p μ p μ     =       m2  ∑ μ   uμ uμ = m2 c2                 (4.5)

The zeroth component is proportional to the relativistic energy E,

E = γ m c2 = cp0 .                                                      (4.6)

Expanding gamma in powers of (v/c)  gives 

E= mc2 ( 1 +(1/2)(v/c)2               …..)                                                         

 = mc2 + (1/2) m v2 +  mc2 ( (1/8) (v/c)4 +……   (4.7)                                                
The first term is called the rest mass energy , the second is the classical expression fro the kinetic energy the others are relativistic corrections to the kinetic energy.

Hence one can write for the relativistic kinetic energy

K  = E - m c2  = m c2 (γ – 1)                                              (4.8) 

The minimum of E is mc2  which suggests that that if a mass could become totally radiant energy , i.e. electromagnetic energy , the total radiant energy value would be   E0 = mc2 .   

c) acceleration and force four vector
By analogy with classical mechanics

The force is defined  by  ( see 4.3)

  Fμ =  d pμ /dτ                                                             (4.9)

and since m (the rest mass is constant) , 

Fμ = m d uμ /dτ     = m Aμ                                           (4.10)

where   Aμ .

Explicit expressions for  the acceleration components Aμ  are 

A0=   du0/dτ     =γ (du0/dt) = γ (dγ/dt) c                    (4.11)
Ai =   dui/dτ =  γ (dui/dt) = γ [(dγ/dt)vi + γ (dvi /dt) ]  
and 

(dγ/dt) =  d (1 -  ( v2x + v2y  + v2z  )/c2 ) -1/2 /dt  

            = (-1/2) (γ3 /c2 )( 2 vx (dvx/dt) +2 vy (dvy/dt)+ 

                2 vz (dvz/dt)       )

           = (γ3 /c2 )( v ∙ a)                                          (4.12)

d)Doppler effect
The phase of a wave is an invariant.

Let xμ = (ct, - xi )  and kμ = (ω/c , ki ).  

Then 

 φ = -  k μ xμ = -( ωt , -k∙x )   = k∙x – ωt   .                (4.13) 

Hence ω/c transforms like the time component of a four vector. 

ω’/c  = γ ( ω/c  - β kx )                                               (4.14)

Let a light signal be tranmsitted along the X- axis 

kx = ω/c   , hence 4.14 gives in the K’ frame a diminished angular frequency 

ω’  = γ  ω /(1  - β  ) =   ω  {(1  - β ) / ( 1 + β) }1/2     (4.15)

In terms of the wavelength

λ’ =  λ {(1  + β ) / ( 1 - β) }1/2                                  (4.16)

In general relativity  ( see ref. 3 , section 86),
 d uμ /dτ     is equated to    -  ∑ λγ  Гμ λγ uλ  uγ      .That is

 -m ∑ λγ  Гμ λγ uλ  uγ     is the four force acting on a particle in the 

gravitational field. 
Гμ λγ are called Christoffel symbols. They  are  functions of the 

metric tensor g μγ and its derivatives.

Гμ λγ  = (1/2) g μα (  ∂ gαλ /∂ xγ  +  ∂ gαγ /∂xλ   -  ∂g λγ / ∂xα )    (4.17)
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