Lecture 2. Four vectors and tensors
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Equations (11a) and (11b) can be written as
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(2.1)

or more in more concise form

x’ μ  =    ∑γ  Λμ γ xγ     for each μ =0,1,2,3                    (2.2)

where Λμ γ is the transformation matrix appearing in (2.1).

The index μ stands for the row of the matrix  and  γ is the column index.

The components of the matrix Λμ γ  can be viewed as the partial derivatives of the x’ coordinates with respect to  the unprimed x,

that is 

                        ∂ x’μ  /∂ xα = Λμ γ                                  (2.3)
Any four components  of a physical quantity Aμ that transform like (2.2) define a four vector or contravariant tensor of the first rank.

  A’ μ =  ∑γ  Λμ γ  Aγ                                                      (2.4)

A second rank tensor doubly contravariant  Fμγ transforms as

F’ μγ  =  ∑α, β    Λμ α  Λμ β   Fαβ                                        (2.4)
The metric tensor  g μγ can be introduced to define the invariance s2 presented in Lecture 1. One can postulate in STR
that g 00 = 1   , g 11 = g 22 = g 33 =-1  and the rest of the components are zero.

Then write

s2 = ∑μγ  g μγ xμ xγ =  ∑μ   x μ x μ                             .   (2.5)  

The metric tensor lowers indices and changes contravariant to covariant components.  

The metric tensor in STR has constant components  ( +1 or -1).

In the general theory of relativity (GTR) which is first of all , a theory of gravitation,  the components of  g μγ are unknown variables. It turns out that they are related to the gravitational potential.
One can show that in the K’ frame  g’ μγ = g μγ using the law 

given by eq (2.4). This is implied in (2.5)
g’ μγ =  ∑α β Λα μ  Λβ γ   g αβ                                         (2.6)

Thus  g’ 00 = 1   , g’ 11 = g ‘22 = g’ 33 = -1  



Causality and STR

The cone is formed by events that fall in the line x= (+/-) ct.

That  is s2 = (ct)2 – x 2 =0.
Such events can be connected with one at the origin by a light signal. 

Lines representing the motion of particles must lie within the cone. 

Then  s2 = (ct)2 – x 2 >0  and   c>v   .

Events within the cone, for example B, can be causally connected with the origin (A) ,since a particle can travel with a speed v <c in that region.Events connected this way are called timelike.

The upper portion is the future and the lower is the causally connected past. 

For the regions outside the cone

 s2 = (ct)2 – x 2 < 0   , implying  c < v .
An event at C can not be causally connected with A since a signal would require a speed  v>c to influence it. Events at B are not causally related to A. It is called the spacelike region.
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