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Lecture 1: The space time transformation
The special theory of relativity  starts
by postulating   
a) the invariance of the length –s- of  the  four vector

xμ = (ct ,x ,y,z) ,= (x0 ,x1 , x2 ,x3 ),                         (1)

where c is the speed of light 

and 

b) the constancy  of –c-,  in all inertial frames of reference.

The given vector (1) is called  contravariant and the indices are written upstairs.

Associated with it we have  the covariant vector ,with indices downstairs. One possible choice is to change the sign of the  space part.

x μ = (ct ,-x ,-y,-z) ,= ( x0 ,-x1 , -x2 ,-x3 )    .            (2)     

The invariant square of the length is 
s2  =   ∑ μ  x μ  xμ = (ct)2 – x2  – y2- z2
     = ( x0)2 – (x1)2  – (x2) 2   - (x3)2                           (3)

The length of a four vector (as in 3) relates two space time events in an inertial  frame say K (lab frame). The first event occurs at the origin (0,0,0,0) and the second at the instant ,t ,  and space coordinates (x,y,z). The four vector from the origin (first event) to the second is (ct,x,y,z).

Let  K’ (k prime) be another inertial frame . It has constant speed V along  the X axis. All other axis are parallel. They coincide at the origin when  clocks are started i.e. t=0 ,t’=0. The coordinates of the first event are zero in both frames.
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Figures of frames K and K’

It is assumed that c’=c.The second event has primed coordinates  (in K’ )

x’μ = (ct’ ,x’ ,y’,z’) ,= (x’0 ,x’1 , x’2 ,x’3 )        .             (4)  
The length squared in the K’ frame is

s’2 == ( x’0)2 – (x’1)2  – (x’2) 2   - (x’3)2         .                 (5)   
STR postulates the inavariance 

   s2 = s’2                                                                         (6)

and seeks a coordinate transformation consistent with that inavariance.

It turns out that the transformation is analogous to 

orthogonal rotations in  Euclidean space.
Figure 2. Orthogonal transformation in Euclidean space.
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In a frame of reference K ( the Lab)  the coordinates  of an event at the origin are  (x0 , ct0)  where c is the speed of light. Usually  (x0 , ct0) = (0,0) is at the origin. A second event happens at ( x, ct) in the K frame.

Another frame K’  has a speed V , along the X axis and coincides with frame K at the start. That is (x’0 , ct’0) =(0,0). The same second event has now coordinates (x’, ct’).
By analogy to x and y in Euclidean  we have a transformation using hyperbolic  sinh and cosh functions. Notice the differences with respect to orthogonal transformations.

x’  = cosh( θ ) x  - sinh(θ ) ct                       (7a)

ct’ = -sinh(θ )x   + cosh(θ ) ct                      (7b)

Let the second event occur at x’=0  , from (7a) follows that 

tanh(θ ) = x/(ct) = V/c  ≡ β    .                      (8) 

From the relation

cosh2 (θ ) – sinh2 ( θ ) = 1   follows that

cosh(θ) = ( 1 – tanh2 (θ)  )-1/2  = ( 1- β2 )-1/2    (9)

                                                ≡ γ (the gama factor).

Also 

sinh(  θ ) = cosh(θ)  * tanh ( θ) =  β γ             . (10) 

From eqs (7) the space time transformation are

x’  = γ( x  -  β ct  )                     (11 a)

ct’ = γ(-β x  + ct )                .       (11 b)              

