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The heat equation diffusion equation in one dimension 

         ∂ T(x,t) /∂ t    =  α2 ∂2 T(x,t)/ ∂ x2                                (1)
Let 2 = 2.0 m2/s. Suppose a rod of length L=4 m has an initial temperature distribution       T( x, t=0)= f(x) ≡ 25 x.

The exact solution is

T(x,t)    =  ∑ n=1 Cn  sin( nπx/L) exp( - (kn α)2  t )                                   (2)
where 

                 Cn = (2/L) ∫ T(x,0) sin( kn x) dx    from  0 to L,

                      = (-1)n+1 200/(nπ )                .                                             (3)

We show below that a good approximation to eq (2) is 

Tapprox (x,t) = T(x=L/2, t=0) exp( -8( α/L)2 t )(4x/L) ( 1-x/L)   .              (4)

The first factor is the initial temperature at the mid point. There is only one exponential term and the spatial part is a parabola in x.
The justification is given in the notes that follow.

Define a time scale  by 

τ   = L2 /( 8 α2 ) = 1 second. 

A gaphic comparison shows that for  t < 2 τ  ther  is very good agreement between the two .

For longer times the solutions have decayed to practicaly zero temperatures. So for all purposes the rod is at zero temperature and the mathematical discrepancy is not important.
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Graph 1.  t=0.5τ =0.5 seconds
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Graph 2.  t=τ = 1 second
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Graph 3.  t=2 τ = 2 s
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FORTRAN CODE

c parabolic  approx solution to the heat equation

c Taprox(x,t)=

      real  L

      Tapprox(x,t)=T10*exp(-8.*(alfa/L)**2*t)*(4.*x/L)*(1.-x/L)

      tinit(x)=25.*x

      pi=2.*asin(1.)

      L=4.

      t10=tinit(L/2.)

      alfa=sqrt(2.)

      tau=(1./8.)*(L/alfa)**2

      print*,'tscale=',tau

      print*,'  '

      t=2.*tau

      nstep=20

      dx=L/float(nstep)

      do 10 i=0,nstep

      x=dx*float(i)

      call texact(x,t,pi,alfa,L,temp)

      print 100 ,x, Tapprox(x,t),temp

10    continue

100   format(1x,'x,tap,texact=',3(4x,e10.3))

      stop

      end

      subroutine texact(x,t,pi,alfa,L,temp)

      real k, L

      sum=0.

      do 10 n=1,10

      k=float(n)*pi/L

      c1= ((-1.)**(n+1))*50./k

      c2=sin(k*x)

      c3= exp(-(k*alfa)**2*t)

      sum=sum+c1*c2*c3

10    continue

      temp=sum

      return

      end

