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1. ADVANCED CALCULUS by WILFRED KAPLAN

An algorithm for the search of max-min of  two variable functions is given. An initial point is given (x0 , y0) and the absolute value of the partial derivatives derivatives are taken at four nearby points  (x0 +ε, y0) , (x0 -ε, y0) , (x0, y0 +ε) , (x0, y0 -ε).

A choice is made whether  the next point is (x0 +ε, y0 +ε ) or (x0 -ε, y0 +ε) etc.. according to  the smallest absolute value of   ∂f(x,y)/∂x  and   ∂f(x,y)/∂y . The procedure is repeated at the next point . 
A tolerance level has been set for the derivatives.  The iteration is stopped if both derivatives have absolute values less than 0.05 .

We have chosen epsi to be 0.01 . This choice and the tolerance are subject  to refinement. The present choice of epsi=0.01 means that if have critical point say at (x,y)=(1. , 1.)    our algorithm can be in error by (+/- ) .01
The results  for critical points using various functions f(x,y) are given.Also given are the parameters  B**2 –A*C   , A=C  where 

B= fxy    , A= fxx   C= fyy  .
They help to decide if the point is a relative maximum , minimum or a saddle point.

Results

example a)      data xi, yi /0. ,0./

      f(x,y)= 2.+ x**2 + y**2  + 2*x*y -4.*(x+y)

b**2-a*c,a+c=  0.  3.85601473

  f(x,y),   x0,y0=   -0.2000E+01    0.9900E+00    0.

  dfdx,dfdy=   -0.3897E-01   -0.3897E-01

 ends search of max-min , number of iterations= 99
example b)  data xi, yi /1. ,1./
f(x,y) = x**2 +5.*x*y + y**2

b**2-a*c,a+c=  20.9999981  4.00000048

  f(x,y),   x0,y0=    0.3147E-11    0.6706E-06    0.6706E-06

  dfdx,dfdy=    0.1005E-02    0.1005E-02

 ends search of max-min , number of iterations= 100
example c)  data xi, yi /1. ,1./

f(x,y)=x**2-2.*x*(sin(y)+cos(y))+1.
 This function has multiple critical points , the initial (xi,yi) determines which one is reached in a particular run.
b**2-a*c,a+c= -7.47491217  5.7220459

  f(x,y),   x0,y0=   -0.9994E+00    0.1390E+01    0.7900E+00

  dfdx,dfdy=   -0.4745E-01    0.2015E-01

 ends search of max-min , number of iterations= 39

FORTRAN CODE
c max - min with a function f(x,y,z) of twovariables// sept 29,2007

c see problem in Advanced Calculus 3rd ed., W. Kaplan , page 163

      data niter, epsi,delta/300,0.01 ,1.e-3/

      data kp /20 /

      data xi, yi /1. ,1./

c      f(x,y)= 2.+ x**2 + y**2  + 2*x*y -4.*(x+y)

c      f(x,y) = x**2 +5.*x*y + y**2

c      f(x,y)=2.*x**2 -x*y -3.*y**2 -3.*x +7.*y

c      f(x,y)=sqrt(1.-x**2-y**2)

      f(x,y)=x**2-2.*x*(sin(y)+cos(y))+1.

      dfdx(s,t)= (f(s+delta,t)-f(s,t))/delta

      dfdy(s,t)=(f(s,t+delta)-f(s,t))/delta

      d2fdx2(s,t)= (dfdx(s+delta,t)-dfdx(s,t))/delta

      d2fdy2(s,t)= (dfdy(s,t+delta)-dfdy(s,t) )/delta

      d2fdxdy(s,t) =( dfdx(s,t+delta) -dfdx(s,t))/delta

      kount=kp

c searches for minima

      x0=xi

      y0=yi

      print*,'xi,yi,epsi=', xi,yi,epsi

      do 40 iter=1,niter

      f1=abs(dfdx(x0+epsi,y0))

      f2=abs(dfdx(x0-epsi,y0))

      f3=abs(dfdy(x0,y0+epsi))

      f4=abs(dfdy(x0,y0-epsi))

      fdxmin=amin1(f1,f2)

      fdymin=amin1(f3,f4)

      if(fdxmin.eq.f1)x0=x0+epsi

      if(fdxmin.eq.f2)x0=x0-epsi

      if(fdymin.eq.f3)y0=y0+epsi

      if(fdymin.eq.f4)y0=y0-epsi

c      if(iter.eq.kount)then

      b=  d2fdxdy(x0,y0)

      a= d2fdx2(x0,y0)

      c=  d2fdy2(x0,y0)

      discr=B**2-a*c

      print*,'b**2-a*c,a+c=',discr ,a+c

      print 100 ,f(x0,y0),x0,y0

      print 110, dfdx(x0,y0), dfdy(x0,y0)

      if(abs(dfdx(x0,y0)).le.5.e-2.and.abs(dfdy(x0,y0)).le.5.e-2)

     $goto 200

      kount=kount+kp

      print*,'   '

c      endif

40    continue

100   format(2x,'f(x,y),   x0,y0=',3(3x,e11.4))

110   format(2x,'dfdx,dfdy=',2(3x,e11.4))

200   print*,'ends search of max-min , number of iterations=',iter

      print*,  '    '

      stop

      end

