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LECTURE  1.

1.The Derivative Algorithm

The derivative algorithm is a  formulation that answers the question, what is the instantaneous rate of change of a dependent variable –y- with respect to the independent variable x . 

The derivative is denoted by  dy/dx is an analytic function say g(x) ,equal to the limit of the slope ,(∆y/∆x) as ∆x tends to zero. A number of steps in a certain order have to be taken to obtain the derivative as an analytic expression. 

This assumes that y is known analytically , y = f(x).  

For example , a straight line  has the equation

                                        y = mx  + b                                       .         (1)

where m is the slope ( a constant for the straight line) and b the intercept on the Y axis.

It should be noticed that almost all equations and derivatives have dimensions. Suppose 

 y~meters (m)  , x  ~seconds (s) then the slope m has dimensions of speed ~(meters/second)  and  b~meters.

Fig 1. shows a body whose position in meters changes linearly with time.We take the independent variable , x=t  (time)  in this example.

The equation is  y=2t +3   
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Start with the question ,  what is       ∆y/ ∆t, for this straight line ?

By  ∆y we mean   the difference , y(t+∆t )  - y(t)  = {2(t+∆t) +3 }- {2t+3}

We are left with  ∆y = 2∆t   and therefore 

∆y/ ∆t  = 2 (meters/s)  =g(t)                                    .    (2)

At any instant t,the straight line,of this example, has the constant rate of change g(t)=2m/s. 

Matlab code for differentiation (taking the derivative)

syms t ;
y=2*t+3 ;
diff(y)
ans =

2

*************

This  an example  of the fact,that  a straight line has a constant rate of change . No matter the size of ∆x ,  or at what at  value of x is the rate calculated, always 

                                     ∆y/ ∆x   = m =g(x)                (3)

for all  points in the line. 

For all other functions ∆y/ ∆x   will in general  be dependent on the size of ∆x   as well as on the point x where the changes  ∆y and  ∆x   are calculated. It is necessary to refine the procedure and this leads to the derivative of a function.

Definition of the derivative,

     (dy/dx)  = lim∆x→0 (∆y/ ∆x )          ,               (4)

or what is the same 

(dy/dx)  = lim∆x→0 [ y(x+ ∆x ) – y(x) ]  / ∆x    .  (5)     

There are four  steps in this definition of the derivative of y with respect to x. They will be detailed in the next example.

Suppose   y(x) = 5x2  or  more general , y(x) = A xn  (A=5 , n=2)

i) first step: obtain an expression for  y(x+∆x).

y(x+∆x) = 5 (x + ∆x)2 =   5 { x2 + 2 x (∆x) + (∆x)2 }         (6) 

Using the binomial theorem it is shown that any power (n) of x wil have an expansion of the form  

  (x+∆x)n = xn + n xn-1 (∆x) + ((n)(n-1)/2) xn-1 (∆x)2  +…..(∆x)n   (7)

ii) second step: subtract y(x) from (6)

y(x+∆x)- y(x) = 5 x2 + (5) 2 x (∆x) + 5 (∆x)2 - 5 x2               

                       =  (5) 2 x (∆x) + 5 (∆x)2       .                              (8)

Notice that the result is a series in  powers of   ∆x.           

iii) third step: divide the expression  y(x+∆x)- y(x)  by ∆x .

Dividing (8) by ∆x   gives ,

 {y(x+∆x)- y(x) } /∆x   = (5) 2 x  + 5 (∆x) .                           (9)  

Notice that the first  term in (9) is now independent of  ∆x .

iv)fourth step: take the limit as  ∆x→ 0 .   

limit ∆x →0 {   (5) 2 x  + 5 (∆x) } = 5(2)x   = 10x         .    (10)

The conclusion is that if y is of the form  y = A xn   the derivative is 

                          dy/dx = d (A xn ) /dx

                                     = n A xn-1                             (11)

The notation dy/dx is a shorthand for the steps outlined above.

As to the units    ,  suppose  y ~ meters   and x ~ seconds

then A ~ meters/second n  and dy/dx ~ meters/second.
The numerical value of the  derivative at any desired value of x is obtained by substituting in result (10). 

(dy/dx)x=2 = 10 *(2) =20 m/s   .

The result (10) is an analytical expression for the fist derivative of  

y = 5 x2 . But the numerical of (dy/dx)  at say x=2 is easily obtained 

by the algorithm  { y(2+∆x) – y(2) } /∆x as ∆x becomes small.

The following code shows the procedure in FORTRAN language.

∆x = 1. originally    and it is halved at each iteration.

      y(x)=5.*x**2

      x0=2.

      dx=1.

      do 10 i=1,10

      x=x0+dx

      dydx=(y(x0+dx)-y(x0))/dx

      print*,'dx,x,dydx=',dx ,x , dydx

      dx=dx/2.

10    continue

      stop

      end

dx,x,dydx=  1.  3.  25.

 dx,x,dydx=  0.5  2.5  22.5

 dx,x,dydx=  0.25  2.25  21.25

 dx,x,dydx=  0.125  2.125  20.625

 dx,x,dydx=  0.0625  2.0625  20.3125

 dx,x,dydx=  0.03125  2.03125  20.15625

 dx,x,dydx=  0.015625  2.015625  20.078125

 dx,x,dydx=  0.0078125  2.0078125  20.0390625

 dx,x,dydx=  0.00390625  2.00390625  20.0195313

 dx,x,dydx=  0.001953125  2.00195313  20.0097656
So at the end when ∆x ≈ 0.002  , dy/dx  ≈ 20.01  . At this point the reader may inquire as to how many digits is an answer necessary. Ours agrees to three digits  with the exact one which in many cases is enough accuracy.
MATLAB CODE for the derivative and its value at x=2
syms  x;

y=5*x^2 ;

dydx=diff(y,x)

x=2;

eval(dydx)
dydx =

10*x  

ans = 20

One can take another derivative over expression (11) , is called the second derivative and written as 

        d2 y /dx2 =  d  ( n A xn-1 ) /dx  = n(n-1)A xn-2   .     (12)
If y~ meters and x ~ seconds  ,   d2 y /dx2 ~ meters /second2
From eq (10) one has d (10x)/dx = 10 (1) x1-1 =10 x0 =10.

A third derivative in this case will give zero 

d3 y /dx3 = d (10 x0) /dx  = 10(0) =0                      (13)

So a positive power  xn  has only n derivatives.If n is not positive the number 

of derivatives is endless. Obviously the derivative of a constant function say 

y(x) = A is zero.  
END OF LECTURE 1.
