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 1. Mathematical Analysis of Physical Problems by Philip R. Wallace pages 55-57.
2. http://www.usm.uni-muenchen.de/people/keith/vorlesung/qd.pdf  titled  The Quantum Deffect Method



(FORTRAN code given)
An approximate solution to the string wave equation (see ref. 1)
d/dx ( T df/dx)    +  ω2 ρ f = 0                                                           (1)

for a variable density ρ(x) is  obtained with trial solution 

f =A(x) exp(i S(x) )                                                                      .   (2)  
A real solution satisfying the boundary condition f(0)=0. is   
f(x)  = const . (u 1/2 ) sin ( ∫ ω dx’ / u(x’) )                                         (3)
where u(x) =( T/ ( ∫ ω dx’ / u(x’))1/2                                                     .              (4) 
The eigenvalues ω are determined by recquiring that the integral from 0 to L
 ∫ ω dx’ / u(x’)   = nπ .                                                                      (5)

We consider the string with  density

ρ(x) = 1.e-3   + (5E-4) sin(πx/L)      ~    kg/m                               (5)

subject to a tension of 5 newtons.

To obtain the eigenvalues,calculate the integral  

∫ ω dx’ / u(x’)   = S   

The eigenvalues are    ωn  = (n π)/S                                           (6)

The first two frequencies, without the density perturbation ,are 

  ω1 =πv/L = 222 (rad/s)   and   ω2 = 2ω1   = 444 (rad/s)    where                                             
v=  (tension/ ρ0 )1/2    .
Theoretical values for the first two frequencies  using the formula (valid for ε << ρ0 ) 
ωn   = (2π n v/(2 length) ) *( 1- ε /(ρ0 π) )                          (     7   )    
are 
w1,w2=  186.788818 ,    373.577637       (rad/s)                   .  (  8   )
We selected ε =(1/2) ρ0  therefore the approximate formula shows poor results.
RUN
rho, epsi,vel(m/s)=  0.00100000005  0.000500000024  70.7106781

 numerical results,w1,w2=  193.818344  387.636688

 omega0,2.*omega0,w1,w2=  222.14415  444.2883  186.788818  373.577637
FORTRAN code
c JWKB methdod applied to find string eigenfrequaencies.

c ref Wallace Math Analysis of Physical Problems   pages 56-57

      real length

      data length,tension ,rho0,nstep/1.,5.,1.e-3,500/

      data epsi/.5e-3/

      rho(x)=rho0+epsi*sin(pi*x/length)

      phase(x)=sqrt(rho(x)/Tension)

      pi=2.*asin(1.)

      vel= sqrt(tension/rho0)

      omega0=pi*vel/length

      dx=length/float(nstep)

      print*,'rho, epsi,vel(m/s)=',rho0,epsi,vel

      print*,'   '

      sum=0.

      do 10 i=1,nstep

      x=dx*float(i)

      sum=sum+(dx/2.)*(phase(x)+phase(x-dx))

10    continue

      print*,'numerical results,w1,w2=', pi/sum  ,2.*pi/sum

c theorertical corrections to omega according to eq 1.240

      w1=omega0*(1.-epsi/(rho0*pi))

      w2=2.*w1

      print*,'  '

      print*,'omega0,2.*omega0,w1,w2=',omega0, 2.*omega0,w1,w2

      stop

      end

