The Gauss Equation 
by Reinaldo Baretti Machín

www.geocities.com/serienumerica2
www.geocities.com/serienumerica
reibareti2004@yahoo.com



Reference:

1.Differential Equations , M. Morris and O. Brown, Prentice Hall 3rd edition (1952), page 173.

Expression (1) is called Gauss equation. 
(x2-x) (d2 y/dx2 ) +[ (α+β+1)x  -γ](dy/dx) + αβy =0         . (1)
It has solutions  u(x and v(x) ,obtained by integration in series 
y = A u(x) + B v(x)                                                          . (2)  
Our purpose in this note is to integrate numerically (1) and obtain the solution u(x) . The results show that the series will converge to the numerical solution only if a great number of terms are included. This is not at all clear from the usual presentation of the series solution. 
In our example, for the  last plot  at x=0.7 , we get 

x,y ,ugauss=    0.7000E+00    0.3430E+01    0.3331E+01 .

The numerical solution (y) , agrees with the series (ugauss)  to only one digit.

If x is near zero  , y ~ x s where s is the leading power. Taking first and second derivatives  (dy/dx) = s xs-1  , (d2 y/dx2 )= s(s-1) xs-2 . Insertring in (1)

gives 

(x2-x) s(s-1) xs-2   +[ (α+β+1)x  -γ] s xs-1  + αβ x s =0.         (3)

Near the origin the leading power in (3) is    xs-1  , which factors out to 

( -s(s-1)      -s  γ  ) xs-1  =0. This implies s=0  or s= 1- γ   .

The first value s=0 leads to solution u(x) and the second ( s=1- γ ) leads to v(x).
We have the intial condition for u(x) ;

                                                    u(0)= xs=0 =1.                      (4)

To get the first derivative  let x→0  in equation (1)  ,

                              -γ(dy/dx)x=0 = - αβy = -αβ            ,       (5)

thus    

                                   (dy/dx)x=0 = αβ/γ        .                     (6)

The series solution for u(x) is

u(x) = 1 + (αβ/γ) x  + (1/2) (αβ/γ) [ (α+1)(β+1)/(γ+1) ] x2  +

           (1/(2*3)) (αβ/γ) [ (α+1)(β+1)/(γ+1) ] [(α+2)(β+2)/(γ+2) ] x3 +…   (7)            
This series is calculated using function gauss in the FORTRAN code given here.
The solution by finite difference is 

      y2=2.*y1-y0+dx**2*ax(x-dx,y0,y1)              ,                   (8)
where   ax(x,y0,y1)=(1./(x**2-x))*(-1.)*(  ((alfa+beta+1.)*x-gama)*

      (y1-y0)/dx +alfa*beta*y1 )    .
All plots are with α=1   ,β=1   ,  γ=1     .
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FORTRAN code

c Gauss equation// Differential Equations  Morris & Brown page 173

c (x**2-x)*y'' +((alfa+beta+1)*x-gama )*y' + alfa*beta*y =0

      data alfa,beta , gama/1.,1.,1. /

      data xi ,xf, nstep /0., .7, 2000/

      ax(x,y0,y1)=(1./(x**2-x))*(-1.)*(  ((alfa+beta+1.)*x-gama)*

     $ (y1-y0)/dx +alfa*beta*y1 )

      y0= 1.

      dydx= alfa*beta/gama

      dx=(xf-xi)/float(nstep)

      kp=int(float(nstep)/60.)

      kount=kp

      y1=y0+dx*dydx

      print 100, xi,y0 ,gauss(20,alfa,beta,gama,0.)

      do 10 i=2,nstep

      x=xi+dx*float(i)

      y2=2.*y1-y0+dx**2*ax(x-dx,y0,y1)

      if(i.eq.kount)then

      print 100, x,y2 ,gauss(20,alfa,beta,gama,x)

      kount=kount+kp

      endif

      y0=y1

      y1=y2

10    continue

100   format(2x,'x,y ,ugauss=',3(3x, e11.4) )

      print 100, x,y2 ,gauss(20,alfa,beta,gama,x)

c      print*,'gauss(u=1)=', gauss(4,alfa,beta,gama,1.)

      stop

      end

      function gauss(n,alfa,beta,gama,u)

      sum= 1.

      term=1.

      do 10 i=1,n

      fac=(alfa+float(i-1))*(beta+float(i-1))/

     $ (float(i)*(gama+float(i-1)))

      term=term*fac

      sum=sum+term*u**i

10    continue

      gauss=sum

      return

      end

