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The improper integral 

I =   ∫sin ( x2 ) dx      from 0 to ∞ is evaluated using the 

limit of  I p = ∫ exp( -px 2)sin ( x2 ) dx    as p→0.

dx  is chosen to be 10-4 . The upper limit of integration is  

chosen to be   x lim = (10./p)1/2 . A double precision code is employed.

A plot of sin (x**2)
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-1.50E+00

-1.00E+00

-5.00E-01

0.00E+00

5.00E-01

1.00E+00

1.50E+00

0.00E+00 1.00E+00 2.00E+00 3.00E+00 4.00E+00 5.00E+00 6.00E+00 7.00E+00

x

Series1


Estimating the area from x=0 to x ≈ 2.5  one obtains about 0.5, which is of the order of magnitude of the correct result.

A strip of maximum area would contribute to the sum 

  (sin (x**2)) max dx ≈ dx . We set dx=10-4 which means that the 

estimate could be correct to the fourth digit only.
The exact result is 

(1./2.)( π/2.)1/2  =             0.626657069     
FORTRAN CODE
c fresnel integral version 2  

      implicit real*8(a-h,o-z)

      dimension fi( 20)  ,pv(30)   ,fs(30)  ,xlm(30)

      data dx,it /1.d-4, 20 /

      gp(x) = dexp(-p*x**2) *dsin(x**2)

      g(x)= dsin(x**2)

      pi=2.d0*dasin(1.d0)

c      pin= .00010d0

c      pfin=.00001d0

      pin= .0010d0

      pfin=.0001d0

      p=pin

      deltap=(pfin-pin)/dfloat(it)

      do 10 ip =1,it

      xlim= (10.d0/p)**.5d0

      nstep=int(xlim/dx)

      print*,'dx,nstep=',dx,nstep

      sum=0.d0

      sum2=0.d0

      do 20 i=1,nstep,2

      x= dx*dfloat(i)

      sum=sum+(dx/3.d0)*(gp(x-dx)+4.d0*gp(x)+gp(x+dx) )

      sum2=sum2+(dx/3.d0)*(g(x-dx)+4.d0*g(x)+g(x+dx) )

20    continue

      xlm(ip)=xlim

      fi(ip)=sum

      fs(ip)=sum2

      pv(ip)=p

      p=p + deltap

10    continue

      print*,'exact=(1./2.)*sqrt*(pi/2.)=           ',

     $ (1.d0/2.d0)*dsqrt(pi/2.d0)

      print*,'  '

      do 30 i=1,it

      print 100 ,xlm(i), pv(i) , fi(i), fs(i)

30    continue

100   format(2x,'xL,p,Fp,fs=',2(1x,d10.3),1x,2(2x,d13.6))

      stop

      end
dx,nstep=  0.0001 1000000

 dx,nstep=  0.0001 1023289

 dx,nstep=  0.0001 1048284

 dx,nstep=  0.0001 1075206

 dx,nstep=  0.0001 1104315

 dx,nstep=  0.0001 1135923

 dx,nstep=  0.0001 1170411

 dx,nstep=  0.0001 1208244

 dx,nstep=  0.0001 1250000

 dx,nstep=  0.0001 1296407

 dx,nstep=  0.0001 1348399

 dx,nstep=  0.0001 1407195

 dx,nstep=  0.0001 1474419

 dx,nstep=  0.0001 1552301

 dx,nstep=  0.0001 1643989

 dx,nstep=  0.0001 1754116

 dx,nstep=  0.0001 1889822

 dx,nstep=  0.0001 2062842

 dx,nstep=  0.0001 2294157

 dx,nstep=  0.0001 2626128

 exact=(1./2.)*sqrt*(pi/2.)=     0.626657069
xl is the limit of integration, p the parameter to be reduced towards zero, Fp the inetgral with the parameter and Fs the integral of sin(x2).
  xL,p,Fp,fs=  0.100E+03  0.100E-02    0.626344E+00   0.631418E+00

  xL,p,Fp,fs=  0.102E+03  0.955E-03    0.626358E+00   0.631331E+00

  xL,p,Fp,fs=  0.105E+03  0.910E-03    0.626372E+00   0.622097E+00

  xL,p,Fp,fs=  0.108E+03  0.865E-03    0.626386E+00   0.622341E+00

  xL,p,Fp,fs=  0.110E+03  0.820E-03    0.626400E+00   0.622738E+00

  xL,p,Fp,fs=  0.114E+03  0.775E-03    0.626414E+00   0.629989E+00

  xL,p,Fp,fs=  0.117E+03  0.730E-03    0.626428E+00   0.625508E+00

  xL,p,Fp,fs=  0.121E+03  0.685E-03    0.626442E+00   0.630391E+00

  xL,p,Fp,fs=  0.125E+03  0.640E-03    0.626456E+00   0.625517E+00

  xL,p,Fp,fs=  0.130E+03  0.595E-03    0.626470E+00   0.623925E+00

  xL,p,Fp,fs=  0.135E+03  0.550E-03    0.626485E+00   0.627182E+00

  xL,p,Fp,fs=  0.141E+03  0.505E-03    0.626499E+00   0.629691E+00

  xL,p,Fp,fs=  0.147E+03  0.460E-03    0.626513E+00   0.624016E+00

  xL,p,Fp,fs=  0.155E+03  0.415E-03    0.626527E+00   0.623689E+00

  xL,p,Fp,fs=  0.164E+03  0.370E-03    0.626541E+00   0.629686E+00

  xL,p,Fp,fs=  0.175E+03  0.325E-03    0.626555E+00   0.624117E+00

  xL,p,Fp,fs=  0.189E+03  0.280E-03    0.626569E+00   0.624545E+00

  xL,p,Fp,fs=  0.206E+03  0.235E-03    0.626584E+00   0.628974E+00

  xL,p,Fp,fs=  0.229E+03  0.190E-03    0.626598E+00   0.628562E+00

  xL,p,Fp,fs=  0.263E+03  0.145E-03    0.626612E+00   0.626040E+00

