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Reference:

1. 1. Differential Equations by Max and Orley E. Brown Morris (1952) , exercise 1, page 65.
The differential equation

4.*p**2+2.*(x/y)*p -1.=0.                                       (1)

, p=dy/dx   is solved numerically by finite differences.The Fortran code is given.
It has the analytical solution (from Ref 1. ) ,

 y = (c2 - c*x)1/2   .   we take c=-1  and the solution becomes 

y(x) =(1+x)1/2 .
The initial condition is taken to be  y( x=1. ) = 21/2 . Substituting x=1 and 

y =21/2    in (1) gives a  quadratic eq for the intial value of p. Solving it gives two choices of intial p
pinitial = (-sqrt(2.)+sqrt(10.))/8.  , (-sqrt(2.)-sqrt(10.))/8.     .  (2)

We take the initial p as (-sqrt(2.)+sqrt(10.))/8.  
The solution is 

y1=y0+dx*f(x-dx,y0,yprime)                                            (3)                                            

where 
f(x,y,yprime)=(y/(2.*x))*(1.- 4.*yprime**2)           .     (4)

Or more explicitly

yn = yn-1 + (∆x)* (yn-1 /(2*xn-1))*(1.- ((dy/dx)n-1)2 )    .    (5)
RUN     y is the numerical solution   ysol is the analytical solution 

nstep,dx= 1000  0.00300000003

  x,y,ysol=   0.100E+01   0.141E+01   0.141E+01

  x,y,ysol=   0.106E+01   0.144E+01   0.144E+01

  x,y,ysol=   0.112E+01   0.146E+01   0.146E+01

  x,y,ysol=   0.118E+01   0.148E+01   0.148E+01

  x,y,ysol=   0.124E+01   0.150E+01   0.150E+01

  x,y,ysol=   0.130E+01   0.152E+01   0.152E+01

  x,y,ysol=   0.136E+01   0.154E+01   0.154E+01

  x,y,ysol=   0.142E+01   0.156E+01   0.156E+01

  x,y,ysol=   0.148E+01   0.158E+01   0.157E+01

  x,y,ysol=   0.154E+01   0.159E+01   0.159E+01

  x,y,ysol=   0.160E+01   0.161E+01   0.161E+01

  x,y,ysol=   0.166E+01   0.163E+01   0.163E+01

  x,y,ysol=   0.172E+01   0.165E+01   0.165E+01

  x,y,ysol=   0.178E+01   0.167E+01   0.167E+01

  x,y,ysol=   0.184E+01   0.169E+01   0.169E+01

  x,y,ysol=   0.190E+01   0.170E+01   0.170E+01

  x,y,ysol=   0.196E+01   0.172E+01   0.172E+01

  x,y,ysol=   0.202E+01   0.174E+01   0.174E+01

  x,y,ysol=   0.208E+01   0.176E+01   0.175E+01

  x,y,ysol=   0.214E+01   0.177E+01   0.177E+01

  x,y,ysol=   0.220E+01   0.179E+01   0.179E+01

  x,y,ysol=   0.226E+01   0.181E+01   0.181E+01

  x,y,ysol=   0.232E+01   0.182E+01   0.182E+01

  x,y,ysol=   0.238E+01   0.184E+01   0.184E+01

  x,y,ysol=   0.244E+01   0.186E+01   0.185E+01

  x,y,ysol=   0.250E+01   0.187E+01   0.187E+01

  x,y,ysol=   0.256E+01   0.189E+01   0.189E+01

  x,y,ysol=   0.262E+01   0.190E+01   0.190E+01

  x,y,ysol=   0.268E+01   0.192E+01   0.192E+01

  x,y,ysol=   0.274E+01   0.193E+01   0.193E+01

  x,y,ysol=   0.280E+01   0.195E+01   0.195E+01

  x,y,ysol=   0.286E+01   0.197E+01   0.196E+01

  x,y,ysol=   0.292E+01   0.198E+01   0.198E+01

  x,y,ysol=   0.298E+01   0.200E+01   0.199E+01

  x,y,ysol=   0.304E+01   0.201E+01   0.201E+01

  x,y,ysol=   0.310E+01   0.203E+01   0.202E+01

  x,y,ysol=   0.316E+01   0.204E+01   0.204E+01

  x,y,ysol=   0.322E+01   0.205E+01   0.205E+01

  x,y,ysol=   0.328E+01   0.207E+01   0.207E+01

  x,y,ysol=   0.334E+01   0.208E+01   0.208E+01

  x,y,ysol=   0.340E+01   0.210E+01   0.210E+01

  x,y,ysol=   0.346E+01   0.211E+01   0.211E+01

  x,y,ysol=   0.352E+01   0.213E+01   0.213E+01

  x,y,ysol=   0.358E+01   0.214E+01   0.214E+01

  x,y,ysol=   0.364E+01   0.215E+01   0.215E+01

  x,y,ysol=   0.370E+01   0.217E+01   0.217E+01

  x,y,ysol=   0.376E+01   0.218E+01   0.218E+01

  x,y,ysol=   0.382E+01   0.220E+01   0.220E+01

  x,y,ysol=   0.388E+01   0.221E+01   0.221E+01

  x,y,ysol=   0.394E+01   0.222E+01   0.222E+01

  x,y,ysol=   0.400E+01   0.224E+01   0.224E+01

FORTRAN code 
c DE of the first order and second degree

c Differential Equations Ref. Morris & Brwon Chapter 3

c  4.*p**2+2.*(x/y)*p -1.=0.   p=dy/dx , y(1.)= sqrt(2.)

c The analytical solution is y =(+/-)sqrt(c**2-c*x) , let c=-1.

      data c,xi,xf,nstep/-1.,1.,4.,1000/

      ysol(x)= sqrt(c**2-c*x)

      f(x,y,yprime)=(y/(2.*x))*(1.- 4.*yprime**2)

      dx=(xf-xi)/float(nstep)

      y0=sqrt(2.)

      yprime=(-sqrt(2.)+sqrt(10.))/8.

      kp=int(float(nstep)/50.)

      kount=kp

      print*,'nstep,dx=',nstep,dx

      print*,'  '

      print 100,xi,y0,ysol(xi)

      do 10 i=1,nstep

      x=xi+dx*float(i)

      y1=y0+dx*f(x-dx,y0,yprime)

      if(i.eq.kount)then

      print 100,x,y1,ysol(x)

      kount=kount + kp

      endif

c     yprime is "averaged"

      yprime=.5*((y1-y0)/dx +yprime)

      y0=y1

10    continue

100   format(2x,'x,y,ysol=',3(2x,e10.3))

      stop

      end

