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1. Complex variable function f(z) = u(x,y) + j v(x,y)
Let                    z = x +  j y  represent an imaginary number, where

 j=sqrt(-1).  The  conjugate of z is    conj(z)= x- jy

z  is a directed quantity, much like a vector. Its magnitude is 

 r = sqrt ( z*conj(z) )= sqrt( x**2 +y**2)                        (1)
z  makes an angle  φ = arc tan( y/x) .                                (2)

The polar representation of z is  

z = r exp(j φ)  = r cos(φ) + j r sin (φ )                                (3)
A complex variable is a function f(z) with a real and an  imaginary part

        f(z)  = u(x,y)  + j v(x,y)                                            (4)
A function is called analytic at a point (x,y)  if   

∂ f(z)/∂x   =    ∂f(z) / ∂(jy)                                                (5)

From (4) 

∂ u/∂x  + j    ∂v/∂x  = ∂ u / ∂(jy) +   j ∂ v/ ∂(jy)                . (6)
Equating the real and imaginary parts in (6) gives 

 ∂ u/∂x  = ∂ v/ ∂ y                                                  (7-a)

  ∂u/∂y  = - ∂ v / ∂ x                                              .(7-b)

The functions u and v also satisfy Laplace equation.

Take the derivative  ∂ /∂x on eq(7-a)  and add to the result of 

∂ /∂y on eq (7-b) .  It shows that

 ∂2u/∂x2 + ∂2u/∂y2 = 0      .                                           (8)

A similar procedure will show that

∂2v/∂x2 + ∂2v/∂y2 = 0      .                                         (9)  
Tha fact u and v are “harmonic” has applications in the theory of conformal mapping.     
2.The Cauchy theorem

If a function is analytic in closed region bounded by curve C in the xy plane

the integral 

∫ C f(z) dz= 0                                                                .(10)

The proof follows from Stokes theorem

∫ C f(z) dl =∫ (del x f(z) )  dxdy =∫ (∂ f/∂x- ∂ f/∂(jy) ) dxdy     (11)
The derivatives in (11) are 

 ∂ u/∂x  - ∂ v/ ∂y  +j   (∂ v/∂x  +∂ u/∂y)  =0 according to (7-a) and(7-b).

3. The Cauchy integral formula
Let the function g(z) ≡ f(z) /( z- z0 ) .  It has a singularity at z= z0 . However a path integral chosen appropriately ,see figure 1., will bypass or isolate the singularity and by (10) 
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∫ C1 g(z) dz +  ∫ C2 g(z) dz  +  ∫ C3 g(z) dz   +    ∫C4  g(z) dz= 0    . (12)

The integrals C3 and C4 cancel out since they are in opposite directions. 
The path C4 has an arbitrary shape but let C2 be a circle centered at  z0 with radius ρ which will be made arbitrary small .

Then     z- z0  = ρ exp(jθ)   , dz= ρ exp(jθ) (jdθ). 

Integral (2) is then an integral around a tiny circle of radius ρ in the clockwise direction from  θ = 2π  to θ=0.

We have 

∫ C2 g(z) dz  = f(z0 ) ∫ ( ρ exp(jθ) (jdθ) )/( ρ exp(jθ)= -2π j  f(z0 )     . (13)

Using (13) in (10) Cauchy integral formula follows
       f(z0)  = (1 /( 2π j ) ) ∫ C1 { f(z)/(z-z0) } dz                              . (14-a)

The n-th derivative of  f(z)  at z0 is (from 14-a) 
dn f(z0) /dzn  =( n ! / ( 2π j) )  ∫ C1 { f(z)/(z-z0)n+1 } dz         .            (14-b)
 As a corollary let  f(z) = (z-z0)n  , then from (14)

f(z0) = 0 =  1 /( 2π j )  ∫ C1 { (z-z0)n /(z-z0) } dz                                  (15)

except except if  n=0 , in which case                                      
1 =   (1/2π j ) ∫ Circle { 1./(z-z0) } dz                                                  . (16)
4.The Laurent Series

The most general power representation of a function is that of the Laurent series where both positive and negative powers  of ( z-z 0) may appear.

It reads 

f(z) =     ∑n=0 an ( z-z 0)n   +    ∑n=1 b-n ( z-z 0)-n                             .   (17)
The first series with coefficients an coresponds to the Taylor series. The an coefficients are obtained multiplying eq (15) by ( z-z 0)-n-1 integrating. Using the results of (15 ,16) 

gives that

 an (2π j ) = ∫ ( z-z 0)-n-1f(z) dz    or

 an =  (1/(2π j ))∫ ( z-z 0)-n-1f(z) dz                                                    . (18)
To obtain b-n  multiply (15) by ( z-z 0)+n-1    and by the previous reasoning 

 b-n  =  (1/(2π j ))∫ ( z-z 0)+n-1f(z) dz                                                . (19)
.  (18)  

Three definitions of the point  z0.

a)If all   b-n =0  ,  z0 is a regular point.

b) If after a certain number  m , all   b-n =0 , f(z) has a pole of order m at z0.

c)If there are an infinite number of b-n , f(z) has an essential singularity at z0 .
5.Residues and integrals
The purpose of integration by residues is to establish an integration formula.

A correspondence is possible  between the complex contour integration and a given real integral which is not amenable to an analytic treatment.
It gives an analytic result say π/2 or exp(-a)sin (a π ) , where a is some real number. However it will is convenient to keep in mind that numerical methods are also available to do most of the real integrals , if not all, the integrals encountered. Moreover Fortran code with compex variables allow a direct calculation of  the complex contour integral
∫ f(z) dz  by defining an appropiate contour that does not have to go to an 
infinite radius. 

The  most important concept of complex variables is that of the residue. For n=1 the coefficient b-1 is called the residue of f(z) of the simple pole at   z0 , and

 b-1  =  (1/(2π j ))∫ f(z) dz                                                     .       (20) 
Suppose f(z) has a pole of order m , i.e.

f(z) =  ∑n=0 an ( z-z 0)n   +    b-1 ( z-z 0)-1 +…b -m  ( z-z 0)-m    .    (21)

To extract b-1 first multiply by ( z-z 0)+m  and define a new function
φ(z) =( z-z 0)+m f(z)  

 = ∑n=0 an ( z-z 0)n+m   +    b-1 ( z-z 0)-1+m +…b -m          .    (22)

Multiply   φ(z) by ( z-z 0)-m  and integrate  (20). By (15 ) & (16) only the 
b-1 term is non zero.

b-1 =(1/(2πj) )  ∫ φ(z) dz/( z-z 0)m                                             .  (23) 

From (14-b)   making m=n+1
b-1 =  (1/(m-1)!) dm-1φ(z0) /dzm-1 
Thus the residue for  a m-th order pole is
b-1       = (1/(m-1)!) ( dm-1{(z-z 0)m f(z)} /dzm-1 ) z0                     (24a)
         = 1/(2πj) )  ∫ φ(z) dz/( z-z 0)m   .                                        (24-b)  
If m=1

b-1       = ((z-z 0)m f(z)) z0                                  .                        (24-c)            

We are going to evaluate some definite integrals using the residue theorem and by numerical methods employing the FORTRAN language.
In example (a) any numerical method is adequate to give a satisfactory answer. It is used for illustration of the complex integral technique only.
example a)  I=    ∫ dθ /(5+4 cos(θ) )                        0 ≤  θ ≤  2π                 (25)

We don’t have a function g(θ),  such that  dg/dθ = 1/(5+4 cos(θ) ) .If that was the case there will not be any need to use  a complex integral procedure.  

Introduce the variable z ,for all trigonometric integrals  within a unit circle,

by     

                                              z= exp( j θ )                                  , (26)  

then 

cos(θ) =   (1/2) (exp( j θ ) + exp(- j θ ) )  = (1/2) ( z + 1/z)       ,     (27)  

sin (θ ) = (1/(2j) )( exp( j θ ) - exp(-j θ ) ) = (1/(2j))( z- 1/z)      ,     (28) 
and     

        dθ    = dz/(jz)                                                 .                       (29)

The integral in (23) is now                                                                       
I =  (1/j) ∫ dz /( 2z2+ 5 z +2)   =  (1/j)(1/2) ∫ dz /( (z+2) (z+1/2))         (30)

It has two simple poles at z=-2  and at z= -1/2.  The first pole falls outside the unit circle. Only the residue at z= -1/2 needs to be found.

I = 2π j (Residue (z=-1/2) )  =2π j { (z-(-1/2) )( 1/j) 1 /( (z+2) (z+1/2))} z=-1/2

  =     2π j   (  (1/j) (1/2)(2/3) )= 2 π /3                                                  (31)
A nice and neat answer.(See figure a)
Figure ( a) [image: image3.jpg].
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A numerical calculation –see  the FORTRAN code-  using real variables easily gives :      int num. = 2.09439445
                           analytic =  2.09439516
  FORTRAN CODE using real variables as in eq.(23)

      f(x)=1./(5.+4.*cos(x))

      data nstep, pi/ 5000,3.14159274/

      dx=2.*pi/float(nstep)

      sum=0.

      do 10 i=1,nstep

      x=dx*float(i)

      sum=sum+(dx/2.)*( f(x) +f(x-dx))

10    continue

      print*,'int num, analytic=',sum, 2.*pi/3.

      stop

      end     
The integral (28) using complex variables in a FORTRAN CODE

      complex f,sum,z,dz,theta ,dtheta, rooti

      data nstep, pi, r/ 5000,3.1415927, 1./

      f(z)=(1./rooti)* (1./( 2.*z**2+ 5.*z +2.))

      rooti=(0.,1.)

      dtheta=2.*pi/float(nstep)

      sum=0.

      do 10 i=1,nstep

      theta=dtheta*float(i)

      z=r*exp(rooti*theta)

      dz=rooti*dtheta*r*exp(rooti*theta)

      sum=sum+(dz/2.)*( f(z) +f(z-dz))

10    continue

      print*,'real(sum), aimag(sum), analytic=',real(sum),aimag(sum),

     $  2.*pi/3.

      stop

      end

      RUN

       real(sum)=  2.09439278 aimag(sum)=  0.00131594425

        anallytic= 2.09439516
example (b)  
I = ∫ dx/((1+x2 )         for         - ∞  ≤ x ≤ ∞          (  32)

This integral is simply I= arc tan(x) x=  ∞ -  arc tan(x) x= - ∞ 

                                       =π/2    - (-π/2) = π           (33 ) 

A numerical integration using the trapezoid rule is given next.

      f(x)=1./(1.+ x**2)

      data nstep, pi,xf/ 10000,3.1415927,60./

      xi=-xf

      dx=(xf-xi)/float(nstep)

      sum=0.

      do 10 i=1,nstep

      x=xi+dx*float(i)

      sum=sum+(dx/2.)*( f(x) +f(x-dx))

10    continue

      print*,'int num, analytic=',sum, pi

      stop

      end

      RUN

       int num, analytic=  3.10826039  3.14159274

There are some problems of accuracy by this method. We see that with limits between -60 and + 60 the numerical integral coincides to only two digits with the analytical answer.It is not a good way to get the right

 answer π.
Casting I in complex form we have

I  = ∫ dz/((1+z2 )  . It has two simple poles at z= +j , -j  .

Drawing an infinite radius semicircle  as in Figure (b) the pole at z= j is included.

Figure (b) [image: image4.jpg]



By the residue theorem 

I  = 2π j Res (z=+j) = 2π j [ ( z-j) *(1/(z-j)(z+j) ) ] z=j
      = π                                                                                     (   34)

Now we draw a finite radius semicircle (say r=2) and integrate numerically using a complex variable  FORTRAN code.

      complex f,sum1,sum2,z,dz,theta ,dtheta, rooti

      data nstep, pi, r/ 10000,3.1415927, 2./

      f(z)= 1./(z**2 + 1.)

      rooti=(0.,1.)

      dtheta=pi/float(nstep)

      sum1=0.

c integration over semicircle radius r

      do 10 i=1,nstep

      theta=dtheta*float(i)

      z=r*exp(rooti*theta)

      dz=rooti*dtheta*r*exp(rooti*theta)

      sum1=sum1+(dz/2.)*( f(z) +f(z-dz))

10    continue

      sum2=0.

      dz=(2.*r)/(float(nstep))

      do 20 i=1,nstep

      z=-r+dz*float(i)

      sum2=sum2+(dz/2.)*( f(z) +f(z-dz) )

20    continue

      print*,'real(sum1),aimag(sum1)=',real(sum1),aimag(sum1)

      print*,'real(sum2),aimag(sum2)=',real(sum2),aimag(sum2)

      print*,'real(sum) ,imag(sum)=', real(sum1)+real(sum2),

     $aimag(sum1)+ aimag(sum2)

      print*,'analytical answer =pi=', pi

      stop

      end
nstep=10000

real(sum1),aimag(sum1)=  0.927295148  0.000144929116

 real(sum2),aimag(sum2)=  2.21429324  0.

 real(sum) ,imag(sum)=  3.14158845  0.000144929116

 analytical answer =pi=  3.14159274
The semi circle integration contributes 0.927295148  to the real part and the integration from -2 to +2 adds  2.21429324. The value of the sum of real parts coincides with the analytical result to 5 digits.

Notice that the imaginary part integration is zero to about four digits. 
Another integration with nstep=20000 yields

  real(sum1),aimag(sum1)=  0.927296221  7.15753995E-005

 real(sum2),aimag(sum2)=  2.2142992  0.

 real(sum) ,imag(sum)=  3.14159536  7.15753995E-005

 analytical answer =pi=  3.14159274
example ( c ) 
This integral will be evaluated by different procedures.

 I =  ∫  sin (x)/(x) dx                           - ∞  ≤ x ≤ ∞        ( 35  )

It can be obtained with the help of   complex integration .

Define   f(z) =exp(jz) / z .

A countour like (a) ( see figure below),leaves out the simple pole at the origin and therefore    ∫a f(z) dz = 0 
 Using contours like (b) or (c) -in the figure below-the pole is enclosed and the integral is 
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   ∫  f(z) dz  = ∫  exp(jz) dz/(z) = 2 π j ( Residue at z=0).
                                  =2 π j lim (z * exp(jz) /z) z=0 =2 π j  .
Using  (a) contour ( the pole is left out) , and ∫  f(z) dz  =0.
∫c1 exp{ jRexp(jθ) } dz/z    +    ∫c2 (cos(x) + j sin(x) ) dx /x    +   
∫c3 exp{jρexp(jθ) }  jdθ ρexp(jθ) / ρexp(jθ)  + 
 ∫c4  (cos(x) + j sin(x) ) dx /x       =      0                                    ( 36 )
The integral over c1 goes to zero as R→ ∞ . 
The integral  ∫c2  +  ∫c4  =  ∫  j sin(x)  dx /x       - ∞  ≤ x ≤ ∞ .

The real integrand part    cos(x) /x is odd and integrates to zero.

The limit of the  integral  integrating from π to 0  is 

lim ρ→0  ∫c3 exp{jρexp(jθ) }  jdθ ρexp(jθ) / ρexp(jθ)  =  - π j.

Thus       ∫  j sin(x)  dx /x  - 2π j =0

or       ∫  sin(x)  dx /x  =  π      ;          - ∞  ≤ x ≤ ∞                          ( 37)               

[image: image6.jpg]Ca 7 F Sy
w (]

Nda Véf MJL 7‘4/% l



contour (a ) in more detail

The integration by contour (b) encloses the pole.

Then

∫c1 exp{ jRexp(jθ) } dz/z    +    ∫c2 (cos(x) + j sin(x) ) dx /x    +   

∫c3 exp{jρexp(jθ) }  jdθ ρexp(jθ) / ρexp(jθ)  + 

 ∫c4  (cos(x) + j sin(x) ) dx /x       =    2πj                               (    )

The only integral portion that changes is c3 . Now the integral in the semicircle goes counterclockwise from  π to 2π .The sum becomes

 ∫  j sin(x) dx /x    + j(2π – π) =    2πj  

or again      ∫ sin(x)  dx /x   =  π                           .                                               
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Contour (b) in more detail.

Let’s compare these procedures with real variable integration. We integrate    (  35 ) using the trapezoid rule. To integrate to “infinity” numerically is not impossible but troublesome, just as in example  ( b  ).
The following code uses  Simpson’s rule , xfinal=100. The agreement with π is only in two digits.

c trapezoid may 5

      f(x)=sin(x)/x

      data nstep, xf/5000,100./

      pi=2.*asin(1.)

      dx=xf/float(nstep)

      sum=0.

      do 10 i=1,nstep,2

      x=dx*float(i)

      sum=sum+(dx/3.)*(f(x+dx)+ 4.*f(x) +f(x-dx+1.e-6))

10    continue

      sum=2.*sum

      print*,'xfinal,nstep=',xf,nstep

      print*,'int num, analytic=',sum, pi

      stop

      end

      RUN

       xfinal,nstep=  100. 5000

 int num, analytic=  3.12444782  3.14159274

It is also  intructive to integrate  (   )   using different contours , see figure.

Finally we use a numerical FORTRAN complex code with a radius = 1 or 2 or whatever, around the origin. We verify easily that

∫ exp(jz) dz /z  =  2πj 
c complex integration

      complex z , aint, sum ,f ,imag  ,dz

      f(z) = exp(imag*z)/z

      imag=cmplx(0.,1.)

      pi=2.*asin(1.)

      r=2.

      thetai =0.

      thetaf=2.*pi

      sum=cmplx(0.,0.)

      nstep=5000

      dtheta=(thetaf-thetai)/float(nstep)

      do 10 i=1, nstep

      theta=thetai+float(i)*dtheta

      z=r*exp(imag*theta)

      dz=r*exp(imag*theta)*imag*dtheta

      sum=sum + (dz/2.)*(f(z) + f(z-dz))

10    continue

      aint=sum

      print*,'real(aint), aimag(aint)=',real(aint) , aimag(aint)

      print*,'2.*pi=                                 ',2.*pi

      stop

      end

       real(aint), aimag(aint)= -0.00394732365  6.28319216

       2.*pi=                                                           6.28318548
--------------------

example (d) an integral containing simple poles at the roots of   z4 = - 4.

They enter in the integral 

I = ∫ x sin (ax) dx /( x4 + 4)      ,          - ∞  ≤ x ≤ ∞   .       
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 Figure(d)


z1 =1+j   ,     z2 =  -1+ j   ,  z3 =-1-j    ,  z4 = 1-j

The corresponding complex integral is 

∫ z exp(jaz) dz /( z4 + 4)    around a closed semicircle of radius R (with R→ ∞ in the analytical treatment) in the upper half of the complex plane. The path shown in fig(c)  encloses two  simple poles , one at z1 and the second at z2 .   

The residues at z1 and z2  are 
Residue (z1=1+j)  = limz →z1 [(z-z1 ) z exp(jaz) / { (z-z1) (z-z2) (z-z3)  (z-z4)}]
                      = z1 exp(jaz1) / { (z1-z2) (z1-z3)  (z1-z4)}
                     = z1 exp(ja(1+j)) / { (2) (2z1)  (2j)}
                     = (-j/8)exp(-a) {cos (a) + jsin(a) }

Residue (z= z2) = limz →z2 [(z-z2 ) z exp(jaz) / { (z-z1) (z-z2) (z-z3)  (z-z4)}]
                          = z2 exp(jaz2) / { (z2-z1) (z2-z3)  (z2-z4)}
                          = z2 exp( ja(-1+j) ) /{(-2) (2j) (2z2) }

                          =  (j/8) exp(-a) exp(-ja)
                          = (j/8)exp(-a) { cos(a) – jsin(a) }
Then 
Res(z1) +Res(z2) =  (j/8)exp(-a) {- cos(a) – jsin(a)+cos(a)-jsin(a) }

                            =(1/4)exp(-a)sin(a)

Equating real and imaginary parts in the integral

∫ x(cos(ax)+ j sin(ax) ) dx/(x4 + 4) = 2πj ((1/4)exp(-a)sin(a) )

 gives the desired result

∫ sin(ax) ) dx/(x4 + 4)  = (π/2)exp(-a)sin(a) )                                  (   )
* integration about a circle is zero -surrounding the four poles-because the residues of conjugate pairs cancel out.
(e) Integration around a branch point
The integral   ∫ x-a  dx/(x+1)  , 0<a<1  ,  0 ≤ x   ≤ ∞ can be evaluated using the  

complex integral  ∫ z-a  dz/(z+1)  . It has a simple pole at z=-1 and a branch cut from x=0 to  ∞ , created by the factor z-a.  
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Figure (e)
The residue at z=-1= exp(iπ)  is simply  , 
{ (z+1)  z-a  /(z+1) } z=  exp (j π) =exp(-jaπ) = cos(aπ) – j sin(aπ)      
And

 ∫ z-a  dz/(z+1)  =2 π j ( cos(aπ) – j sin(aπ) )  .

To extract the real integral, the contour is drawn as in fig (  ).
The integral at each circle ,the big and the small, go to zero.The small circle goes to zero as 
 lim (r 1-a ) as r→0 (since a < 1). The large circle goes to zero as lim ( r -a ) as r→∞. 

The top side of the branch is 

 Itop =  ∫ x-a dx/(x+1)    ,          x goes from  ρ   to  ∞
and the bottom part of the branch contributes

Ibottom  =   ∫ x-a (exp(-2πja)) dx/(x+1)    , x goes from    ∞  to  ρ   .
reversing the limits of integration in the second integral changes the sign of I bottom.

adding the two (after the sign reversal )

∫ x-a dx/(x+1)  {1-exp(2πaj) }  = 2 π j exp(jaπ)   .
Multiplying by exp(-jaπ)  and rearranging gives
∫ x-a dx/(x+1)   = 2 π j /( exp(j aπ) - exp(-jaπ) )
                      = π / sin (aπ )

6. Conformal Mapping 
Definition: A conformal map is a function ,w =u + j v =  f(z) , 

 which preserves angles.

At z0, the function f(z)   preserves  angles between curves through z0. A square for example  in the Z plane has four right angles.

In the W plane , though not necessarily a  square, there will be four corresponding vertex with 90 degrees.

The procedure of conformal mapping finds applications in  physical problems ruled by Laplace’s 
equation like electrostatic potential theory and steady state temperature distributions. Catalogs of conformal mapping have been prepared. 
Example I : of  semicircle mapped into w plane by w = ln (z)
In the figure an electrostatic potential or temperature distribution is specified as, T= 0  along the  X axis  0 ≤  r≤ a  , θ=0, while T= 100 celsius along  the negative X axis ; 0 ≤  r≤ a  , θ=π . The semicircle is insulated at r=a ,

0 ≤  θ ≤ π.  The Z plane (x,jy) is on the left , the W plane is on the right.
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The temperature in the W plane  , T(v) =T(x,y)=  (100/π) v =(100/π) θ=  (100/π) arctan(y/x) .

Example II : temperature in a thin semi infinite plane 
See figure II : The temperature is 100 celisus in strip along the X axis where  the  absolute value of  /x/<1,  and T=0 in the rest of the positive and negative portion of the  X axis.     ∕  x  ∕  > 1 .
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Figure II
The solution of       

∂2 T/∂ x2      +     ∂2 T/∂y2    = 0       is sought.

Instead the solution   ∂2 v/∂ x2      +     ∂2 v/∂y2    = 0   is found first where 

w= u + jv = f(z)  and  f(z)  is the  conformal transformation    

w = u +j v = ln { (z-1)/(z+1) } 
substituting   , z-1 = r1 exp(j  θ1 )      ,  z-(-1) =z+1 =  r 2 exp ( j θ2 )   gives
w  = ln(r1/r2) + j(θ1 - θ2 )   = u + j v  .
 In the W plane the strip where T=100 , corresponds to  θ1= π and θ2 = 0. Thus it is mapped  mapped unto

 v= θ1 - θ2 = π   for any u.

In the w plane ( right hand of figure  II) the temperature distribution is 

T (u,v) = (100/ π) v.
Now       v =arg {( x+jy-1) /(x+jy+1) } = arg { (x2 + y2 – 1 +j2y)/( (x+1)2 + y2 ) }

                                      v = arc tan{ 2y /( x2 + y2 – 1 )} .

The temperature distribution as a function of (x,y) is

          T(x,y) = (100/ π) arctan{ 2y /( x2 + y2 – 1 )}.                          

