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Reference:

1. Chebyshev Polynomials - WIKIPEDIA, http://en.wikipedia.org/wiki/Chebyshev_polynomials
We solve  the DE of Chebyshev polynomials of the second kind  numerically.( a Fortran code is given  below)
For analytical solutions see ref 1.

Chebyshev polynomials of the second  kind satisfy the differential equation 
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         (1)                                        
where n=0,1,2,3…
The initial condition can be given at   x= 1 , and the DE is integrated numerically backwards.

At x=1 we have from  (  1) , that   (dy/dx)x=1 =  (n)(n+2) y(1)/(3x) 

Choosing y(1) = n+1 , for all solutions of  (1 ), defines the first derivative ( i.e. the second initial condition),

(dy/dx)x=1 = (n)(n+2) n /(3)                                  .    (2)

The solutions are labeled Un(x).
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FORTRAN CODE

c chebyshev y2 = 2y1 - y0 +(dx^2) *(3.*x1*(y1-y0)/dx -n*(n+2.)*y1)

c       /(1-x1^2)     dx<<1

      data n, nstep  / 3, 1000/

      kp=int(float(nstep)/40.)

      x0=1.

      y0=float(n+1)

      kount=kp

      dx=-1./float(nstep)

      dydx=float(n)*(float(n) +2.)*y0/(3.*x0)

      y1=dydx*dx+y0

      print 100 , x0 , y0

      do 10 i=2,nstep

      x=x0+dx*float(i)

      x1=x-dx

      y2= 2.*y1 - y0 +(dx**2)*(3.*x1*(y1-y0)/dx

     $ -float(n)*(float(n)+2.)*y1) /(1-x1**2)

      if(i.eq.kount)then

      print 100 , x , y2

      kount=kount+kp

      endif

      y0=y1

      y1=y2

10    continue

      print 100,x,y2

100   format(2x,'x, Tn =', 2(4x,e12.5))

      stop

      end

