Applications of the Cayley –Hamilton Theorem
by Reinaldo Baretti Machín

www.geocities.com/serienumerica
www.geocities.com/serienumerica2
reibaretti2004@yahoo.com



Reference :

1. Numerical Methods by J. Douglas Faires and Richard L. Burden .

2. Mathematical Methods for the Natural and Engineering Sciences (Series on Advances in Mathematics for Applied Sciences, Vol. 65) by Ronald E. Mickens
3. Mathematics in Engineering and Science by L. R. Mustoe and M. D. J. Barry (Paperback - Jun 1998)
4. Applied mathematics for engineers and physicists by Louis Albert Pipes 
The purpose of this note is to show by an example,how given a matrix A, the Cayley-Hamilton theorem can be used to obtain:

a)  the characteristic equation of a determinant

b)the eigenvalues

c)the determinant

d)the inverse matrix

e) the adjoint matrix

Let   A =  2   0   0                                       (1)

                0   3   1

                0   1   1
To find the eigenvalues of A the usual procedure is to define, U ( a 3x3 unit matrix ),then  characteristic equation is obtained from
                           det ( λ U – A ) =0             (2)

That is , 

 λ3       + c1 λ2     +  c2 λ   +  c3    = 0                          . (3)  

In the usual presentation the coefficients c1,c2,c3 are obtained by the explicit resolution of    eq.(2) .
What we propose is to use the Cayley- Hamilton theorem

which states that eq (3) is satisfied also by matrix A ,
A3       + c1 A2     +  c2 A   +  c3 U   = 0             .        (4)   
 Equation(4) constitute a system of n2 linear equations for the coefficients ci Choosing an appropriate set of elements  allows us to find the n unknown coefficients.

The matrices are 

U =  1   0   0                                                             (5)
        0   1   0

        0   0   1     
   A =  2   0   0                                       

           0   3   1

           0   1   1

A2 = 4    0     0
        0    10   4
        0     4    2
A3 = 8     0    0
         0     34   14
         0      14   6
The element (1,1) of  eq (4) gives 
8 + 4 c1 + 2 c2 + c3 = 0                              . (6)

Element (2,2) and (2,3) of eq.(4) give respectively,
34 +10c1 +3c2 +c3  =0                        ,          (7) 

14 +4 c1 +c2            =0   .                                (8)

From which one obatains

c1= -6    , c2 =   +10   ,    c3 =   -4                         .     (9)

Thus the characteristic equation is

f (λ )  = λ3       -6 λ2     +  10  λ   - 4                           (10)   
From the plot of  f (λ )   a reasonable visual estimate of the roots can be obtained.
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Fortran code

 f(x)=x**3  -6.*x**2  + 10.*x   -4.

      xi=0.

      xf=4.

      nstep=60

      dx=(xf-xi)/float(nstep)

      do 10 i=0,nstep

      x=xi+dx*float(i)

      print 100,x , f(x)

10    continue

100   format(2x,'x,f(x)=',2(4x,e11.4))

      stop

      end
The determinant is obtained from the equation
det(A ) = (-1)n cn                                                ( 11)

In the present case 

det(A )  = (-1)3 c3 = -1 (-4)  = +4        .               (12)  

The inverse matrix can be obtained from (4), multiplying by A-1. Solving for the last term gives 
A-1 = -(1/c3) *(  A2       + c1 A     +  c2 U ) .     (13)
Susbtitution of  (5)  & (9)  gives ,

A-1 =    1/2       0        0                       .               (14)

            0          1/2    -1/2

            0         -1/2     3/2
Finally the adjoint matrix is obained
A adjoint = det (A) A-1  =  2     0    0           .              (15)

                                        0     2   -2

                                        0    -2    3
