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The beam equation 

d4y/dx4 = φ (x) / ( E *I)                          (1)
is  as an example of a two point boundary condition problem.
It is subject to mixed  boundary conditions

BC
y(0)=0   , (dy/dx) x=L =0  , (d2y/dx2 )x=0 = 0 ,  y(L)=0.  (2)
The physical significance is that the beam is simply supported at 
the origin (left end) while rigidly clamped at the  right end (x=L). 

What we propose is to find an approximate  relation between the 

third and the first derivatives at the origin ;
(d 3y/dx3) x=0  and   (dy/dx)x=0 . 
Having established such relation , the solution can then be obtained via a Taylor series starting at the origin. One has to guess only the first derivative. It’s like the shooting method.

The “correct ” guess for (dy/dx)x=0 should lead to the correct boundary conditions at x=L ,namely , (dy/dx) x=L =0  and y(L)=0.   

To ascertain what this relation may be, assume that 
 φ (x) = w ( force/length) is constant .  Also constants –in this example-are the modulus of elasticity ,E~ force/length2   and the moment of inertia of the cross sectional area , I ~ length 4 .

We will show that for the simple case of 

d4y/dx4 = φ (x) / ( E *I) =constant = f
the relation between the two derivatives is 
  der3=-(der4(L)*L/3.+ 2.*der1/L**2)                                 (3)
or

der3=-( f *L/3.+ 2.*der1/L**2)                                   (4)

or

 (d3y/dx3 )x=0 = -(  (d4y/dx4)x=L * L/3. + 2.(dy/dx)x=0*(1./L2)  ) .   (5)

Integrating four times d4y/dx4 = f   gives

y(x) = f x4/24 +c1 x3   + c2 x2 +  c3 x1 +  c4                         .      (6)
The coefficients ci are found by applying the initial conditions given by (2).

The end result is that ,
y(x)= (f/48)* (2 x4 -3 L x3   + L3 x )           (  7  )                                  
To find the relation between the first and third derivative at the origin we take another route.

Using expression (6).

y(0)=0    implies c4 =0.                    (8) 

and 
(dy/dx)x=0 = (fx3/6 +3c1 x2   + 2c2 x +  c3 )x=0
                          =   c3        ,.                                                  (9)

At the right end

(dy/dx)x=L = 0=fL3/6 +3c1 L2   + 2c2 L + (dy/dx)x=0     (10  )
At the origin
(d2y/dx2 )x=0 =0= ( fx2/2 +6c1 x   + 2c2 ) x=0             ,        (11)
implies  c2  =0.

Hence eq(8) reduces to 

fL3/6 +3c1 L2    + (dy/dx)x=0         =0            .  (  12)                                    
The third derivative at x=0 is  (using c2=0 ,c4=0)
(d3y/dx3 )x=0 = (fx + 6 c1) x=0 = 6 c1                    ( 13 )
so c1 = (1/6) (d3y/dx3 )x=0                                    (14   )

Equation (12   ) contains the first and third derivative at the origin
fL3/6 +3( (1/6) (d3y/dx3 )x=0 ) L2    + (dy/dx)x=0         =0            

and finally
(d3y/dx3 )x=0 = -(2/L2) ( fL3/6  + (dy/dx)x=0   )     .   (  15 )
In cases where f is not constant the above relation suggests that an average of  f (x) between 0 and L, be taken .

The plot shows values y(L) for different values of the intial (dy/dx)x=0 . The third derivative at the origin is given by eq(15) 

and y(x) is obtained from a fourth order Taylor series

y1=y0+dx*v0+.5*dx**2*a0 +(1./6.)*dx**3*p0+(1./24.)*

         dx**4*der4(x-dx)

It can be seen that y(L)=0 for (dy/dx)x=0   ≈ 2.08.
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Plot of the numerical solution of an hypothetical beam with  E=1 , I =1 , w=100, L=1  vs the exact solution:
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FORTRAN CODE 

c   beam equation april 9 , 2007

c dy/dx=v , d^2y/dx^2=a ,d^3y/dx^3=p

      real inertia ,L

      data L, E , inertia ,w /1.,1., 1, 100/

      data nstep ,niter /1000, 1/

      dimension der1zero(200)

      phi(x)=w

      der4(x)= phi(x)/(e*inertia)

      yexact(x)=(1./(e*inertia))*(phi(x)/48.)*(2.*x**4-3.*L*x**3+L**3*x)

      v0f=2.20

      v0i=2.08

      d1=(v0f-v0i)/float(niter)

      v0=v0i

      der1zero(1)=v0i

      dx=L/nstep

      kp=int(float(nstep)/20.)

      do 20 it=1,niter

      kount=kp

      a0=0.

      p0=-(der4(L)*L/3.+ 2.*v0/L**2)

      y0=0.

      print 100 ,0.,y0,yexact(0.)

      do 10 i=1,nstep

      x=dx*float(i)

      y1=y0+dx*v0+.5*dx**2*a0 +(1./6.)*dx**3*p0+(1./24.)*

     %dx**4*der4(x-dx)

      v1=v0+dx*a0+.5*dx**2*p0+(1./6.)*dx**3*der4(x-dx)

      a1=a0+dx*p0+.5*dx**2*der4(x-dx)

      p1=p0+dx*der4(x-dx)

c      print*,'i,y1,v1,a1,p1=',i,y1,v1,a1,p1

      if(i.eq.kount)then

      print 100 ,x,y1,yexact(x)

      kount=kount+kp

      endif

      y0=y1

      v0=v1

      a0=a1

      p0=p1

10    continue

c      print 120 , der1zero(it), y1

      v0=v0i+d1*float(it)

      der1zero(it+1)=v0

c      print*,'  '

20    continue

100   format(1x,'x,y,yexact=',3(4x,e10.3))

120   format(1x,'der1(0), y1=',2(4x,e10.3))

      stop

      end
