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The associated Legendre functions usually written as PL m(x) satisfy the equation 
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The orthogonality condition is 
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Letting    y=  (-1)m (1- x2)1/2 v(x)         (3)

in ( 1 ) results in the equation for v(x)
(1-x2) dv/dx  -2x (m+1) dv/dx +(L-m)(L+m+1) v  =0      .  (4)
We treat equation (3) as an initial value problem. At x=1 , set 

v(x=1)=1. and from (4) the first derivative at x=1  is ,
( dv/dx )x=1 = {(L-m)(L+m+1)/2(m+1) }      .   (5)    
Using the finite difference method we integrate (4) backwards from x=+1 to x=-1.   (See FORTRAN code below). At each step we calculate the unnormalized  associated Legendre function , from (3),

y( xn ) =  (-1)m (1- xn 2)1/2 v(xn)                      . (6)
At the end y is normalized by the factor c , recquiring  that

c 2 ∫  y2(x) dx =  ∫ ( PL m(x) )2 dx = 2(L+m)! / [(2L+1)(L-m)! ]   . (7)       
In the following example the P21(x) associated Legendre function is found numerically.

The analytic expression is 

 P21(x) = -3.*x*sqrt(1-x**2)                         .    (7)

Here plm is the numerical result , p21 the exact function.

  L, M=  2.  1.
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 x,w ,P=     0.100E+01     0.000E+00     0.000E+00

 facnum,facden,sum, c=  6.  1.  0.266666472  3.00000119

 x,plm,p21=    0.1000E+01    0.0000E+00    0.0000E+00

 x,plm,p21=    0.9840E+00   -0.5260E+00   -0.5260E+00

 x,plm,p21=    0.9680E+00   -0.7288E+00   -0.7288E+00

 x,plm,p21=    0.9520E+00   -0.8742E+00   -0.8742E+00

 x,plm,p21=    0.9360E+00   -0.9884E+00   -0.9884E+00

 x,plm,p21=    0.9200E+00   -0.1082E+01   -0.1082E+01

 x,plm,p21=    0.9040E+00   -0.1159E+01   -0.1159E+01

 x,plm,p21=    0.8880E+00   -0.1225E+01   -0.1225E+01

 x,plm,p21=    0.8720E+00   -0.1281E+01   -0.1281E+01

 x,plm,p21=    0.8560E+00   -0.1328E+01   -0.1328E+01

 x,plm,p21=    0.8400E+00   -0.1367E+01   -0.1367E+01

 x,plm,p21=    0.8240E+00   -0.1401E+01   -0.1401E+01

 x,plm,p21=    0.8080E+00   -0.1428E+01   -0.1428E+01

 x,plm,p21=    0.7920E+00   -0.1451E+01   -0.1451E+01

 x,plm,p21=    0.7760E+00   -0.1468E+01   -0.1468E+01

 x,plm,p21=    0.7600E+00   -0.1482E+01   -0.1482E+01

 x,plm,p21=    0.7440E+00   -0.1491E+01   -0.1491E+01

 x,plm,p21=    0.7280E+00   -0.1497E+01   -0.1497E+01

 x,plm,p21=    0.7120E+00   -0.1500E+01   -0.1500E+01

 x,plm,p21=    0.6960E+00   -0.1499E+01   -0.1499E+01

 x,plm,p21=    0.6800E+00   -0.1496E+01   -0.1496E+01

 x,plm,p21=    0.6640E+00   -0.1489E+01   -0.1489E+01

 x,plm,p21=    0.6480E+00   -0.1481E+01   -0.1481E+01

 x,plm,p21=    0.6320E+00   -0.1469E+01   -0.1469E+01

 x,plm,p21=    0.6160E+00   -0.1456E+01   -0.1456E+01

 x,plm,p21=    0.6000E+00   -0.1440E+01   -0.1440E+01

 x,plm,p21=    0.5840E+00   -0.1422E+01   -0.1422E+01

 x,plm,p21=    0.5680E+00   -0.1402E+01   -0.1402E+01

 x,plm,p21=    0.5520E+00   -0.1381E+01   -0.1381E+01

 x,plm,p21=    0.5360E+00   -0.1357E+01   -0.1358E+01

 x,plm,p21=    0.5200E+00   -0.1332E+01   -0.1332E+01

 x,plm,p21=    0.5040E+00   -0.1306E+01   -0.1306E+01

 x,plm,p21=    0.4880E+00   -0.1278E+01   -0.1278E+01

 x,plm,p21=    0.4720E+00   -0.1248E+01   -0.1248E+01

 x,plm,p21=    0.4560E+00   -0.1217E+01   -0.1217E+01

 x,plm,p21=    0.4400E+00   -0.1185E+01   -0.1185E+01

 x,plm,p21=    0.4240E+00   -0.1152E+01   -0.1152E+01

 x,plm,p21=    0.4080E+00   -0.1117E+01   -0.1117E+01

 x,plm,p21=    0.3920E+00   -0.1082E+01   -0.1082E+01

 x,plm,p21=    0.3760E+00   -0.1045E+01   -0.1045E+01

 x,plm,p21=    0.3600E+00   -0.1008E+01   -0.1008E+01

 x,plm,p21=    0.3440E+00   -0.9690E+00   -0.9690E+00

 x,plm,p21=    0.3280E+00   -0.9295E+00   -0.9296E+00

 x,plm,p21=    0.3120E+00   -0.8892E+00   -0.8893E+00

 x,plm,p21=    0.2960E+00   -0.8482E+00   -0.8482E+00

 x,plm,p21=    0.2800E+00   -0.8064E+00   -0.8064E+00

 x,plm,p21=    0.2640E+00   -0.7639E+00   -0.7639E+00

 x,plm,p21=    0.2480E+00   -0.7207E+00   -0.7208E+00

 x,plm,p21=    0.2320E+00   -0.6770E+00   -0.6770E+00

 x,plm,p21=    0.2160E+00   -0.6327E+00   -0.6327E+00

 x,plm,p21=    0.2000E+00   -0.5878E+00   -0.5879E+00

 x,plm,p21=    0.1840E+00   -0.5425E+00   -0.5426E+00

 x,plm,p21=    0.1680E+00   -0.4968E+00   -0.4968E+00

 x,plm,p21=    0.1520E+00   -0.4507E+00   -0.4507E+00

 x,plm,p21=    0.1360E+00   -0.4042E+00   -0.4042E+00

 x,plm,p21=    0.1200E+00   -0.3574E+00   -0.3574E+00

 x,plm,p21=    0.1040E+00   -0.3103E+00   -0.3103E+00

 x,plm,p21=    0.8800E-01   -0.2629E+00   -0.2630E+00

 x,plm,p21=    0.7200E-01   -0.2154E+00   -0.2154E+00

 x,plm,p21=    0.5600E-01   -0.1677E+00   -0.1677E+00

 x,plm,p21=    0.4000E-01   -0.1199E+00   -0.1199E+00

 x,plm,p21=    0.2400E-01   -0.7193E-01   -0.7198E-01

 x,plm,p21=    0.8000E-02   -0.2395E-01   -0.2400E-01

 x,plm,p21=   -0.8000E-02    0.2405E-01    0.2400E-01

 x,plm,p21=   -0.2400E-01    0.7203E-01    0.7198E-01

 x,plm,p21=   -0.4000E-01    0.1200E+00    0.1199E+00

 x,plm,p21=   -0.5600E-01    0.1678E+00    0.1677E+00

 x,plm,p21=   -0.7200E-01    0.2155E+00    0.2154E+00

 x,plm,p21=   -0.8800E-01    0.2630E+00    0.2630E+00

 x,plm,p21=   -0.1040E+00    0.3104E+00    0.3103E+00

 x,plm,p21=   -0.1200E+00    0.3575E+00    0.3574E+00

 x,plm,p21=   -0.1360E+00    0.4043E+00    0.4042E+00

 x,plm,p21=   -0.1520E+00    0.4508E+00    0.4507E+00

 x,plm,p21=   -0.1680E+00    0.4969E+00    0.4968E+00

 x,plm,p21=   -0.1840E+00    0.5426E+00    0.5426E+00

 x,plm,p21=   -0.2000E+00    0.5879E+00    0.5879E+00

 x,plm,p21=   -0.2160E+00    0.6328E+00    0.6327E+00

 x,plm,p21=   -0.2320E+00    0.6771E+00    0.6770E+00

 x,plm,p21=   -0.2480E+00    0.7208E+00    0.7208E+00

 x,plm,p21=   -0.2640E+00    0.7640E+00    0.7639E+00

 x,plm,p21=   -0.2800E+00    0.8065E+00    0.8064E+00

 x,plm,p21=   -0.2960E+00    0.8483E+00    0.8482E+00

 x,plm,p21=   -0.3120E+00    0.8893E+00    0.8893E+00

 x,plm,p21=   -0.3280E+00    0.9296E+00    0.9296E+00

 x,plm,p21=   -0.3440E+00    0.9691E+00    0.9690E+00

 x,plm,p21=   -0.3600E+00    0.1008E+01    0.1008E+01

 x,plm,p21=   -0.3760E+00    0.1045E+01    0.1045E+01

 x,plm,p21=   -0.3920E+00    0.1082E+01    0.1082E+01

 x,plm,p21=   -0.4080E+00    0.1118E+01    0.1117E+01

 x,plm,p21=   -0.4240E+00    0.1152E+01    0.1152E+01

 x,plm,p21=   -0.4400E+00    0.1185E+01    0.1185E+01

 x,plm,p21=   -0.4560E+00    0.1218E+01    0.1217E+01

 x,plm,p21=   -0.4720E+00    0.1248E+01    0.1248E+01

 x,plm,p21=   -0.4880E+00    0.1278E+01    0.1278E+01

 x,plm,p21=   -0.5040E+00    0.1306E+01    0.1306E+01

 x,plm,p21=   -0.5200E+00    0.1333E+01    0.1332E+01

 x,plm,p21=   -0.5360E+00    0.1358E+01    0.1358E+01

 x,plm,p21=   -0.5520E+00    0.1381E+01    0.1381E+01

 x,plm,p21=   -0.5680E+00    0.1402E+01    0.1402E+01

 x,plm,p21=   -0.5840E+00    0.1422E+01    0.1422E+01

 x,plm,p21=   -0.6000E+00    0.1440E+01    0.1440E+01

 x,plm,p21=   -0.6160E+00    0.1456E+01    0.1456E+01

 x,plm,p21=   -0.6320E+00    0.1469E+01    0.1469E+01

 x,plm,p21=   -0.6480E+00    0.1481E+01    0.1481E+01

 x,plm,p21=   -0.6640E+00    0.1489E+01    0.1489E+01

 x,plm,p21=   -0.6800E+00    0.1496E+01    0.1496E+01

 x,plm,p21=   -0.6960E+00    0.1499E+01    0.1499E+01

 x,plm,p21=   -0.7120E+00    0.1500E+01    0.1500E+01

 x,plm,p21=   -0.7280E+00    0.1497E+01    0.1497E+01

 x,plm,p21=   -0.7440E+00    0.1491E+01    0.1491E+01

 x,plm,p21=   -0.7600E+00    0.1482E+01    0.1482E+01

 x,plm,p21=   -0.7760E+00    0.1468E+01    0.1468E+01

 x,plm,p21=   -0.7920E+00    0.1451E+01    0.1451E+01

 x,plm,p21=   -0.8080E+00    0.1428E+01    0.1428E+01

 x,plm,p21=   -0.8240E+00    0.1401E+01    0.1401E+01

 x,plm,p21=   -0.8400E+00    0.1367E+01    0.1367E+01

 x,plm,p21=   -0.8560E+00    0.1328E+01    0.1328E+01

 x,plm,p21=   -0.8720E+00    0.1281E+01    0.1281E+01

 x,plm,p21=   -0.8880E+00    0.1225E+01    0.1225E+01

 x,plm,p21=   -0.9040E+00    0.1159E+01    0.1159E+01

 x,plm,p21=   -0.9200E+00    0.1082E+01    0.1082E+01

 x,plm,p21=   -0.9360E+00    0.9884E+00    0.9884E+00

 x,plm,p21=   -0.9520E+00    0.8742E+00    0.8742E+00

 x,plm,p21=   -0.9680E+00    0.7287E+00    0.7288E+00

 x,plm,p21=   -0.9840E+00    0.5259E+00    0.5260E+00

 x,plm,p21=   -0.1000E+01    0.1036E-02    0.1036E-02

Fortran code

c Legendre polynomials Ref Applied Mathematics ,L.A. Pipes,Chap. 14

c The ( - 1.)**m factor in  front of w(x) is called the Condon-Shortley

c     phase

      dimension Plm(0:5000)

      real L,M

      data L ,M/2.,1./

c      f(x,p0,p1)=(1./(1.-x**2))*( 2.*x*(p1-p0)/dx -L*(L+1.)*p1 )

      f(x,p0,p1)=(1./(1.-x**2))*( 2.*x*(m+1.)*(p1-p0)/dx -

     $(L-M)*(L+M+1.)*p1 )

c      P22(x)=3.*(1.-x**2)

c      p31(x)=-(3./2.)*(5.*x**2-1.)*sqrt(1.-x**2)

      p21(x)=-3.*x*sqrt(1-x**2)

      p0=1.

      deriv=((L-M)*(L+M+1.)/(2.*(M+1.) ))*p0

      xi=1.

      xf=-1.

      nstep=2500

      kp=int(float(nstep)/80.)

      kount=kp

      dx=(xf-xi)/float(nstep)

      p1=p0+dx*deriv

      w=(-1.)**m*(1.-xi**2)**(M/2.)*p0

      plm(0)=w

      plm(1)=(-1.)**m*(1.-(xi+dx)**2)**(M/2.)*p1

      print*,' L, M=',L , M

      print*,'   '

      print 100, xi, w ,p21(xi)

      do 10 i=2,nstep

      x=xi+dx*float(i)

      p2=2.*p1-p0+dx**2*f(x-dx,p0,p1)

      w= (-1.)**m*(1.-x**2)**(m/2.)*p2

      plm(i)=w

      if(i.eq.kount)then

c      print 100, x, w ,p21(x)

      kount=kount+kp

      endif

      p0=p1

      p1=p2

10    continue

c      print 100, x, w ,p21(x)

100   format(1x,'x,w ,P=',3(4x,e10.3))

      sum=0.

      do 20 i=1,nstep

      x=xi+dx*float(i)

      sum=sum-(dx/2.)*(Plm(i)**2 +Plm(i-1)**2)

20    continue

      call factorial(L,m,1.,facnum)

      call factorial(L,m,-1.,facden)

      anlm=2.*facnum/((2.*L+1.)*facden)

      c=sqrt(anlm/sum)

      print*,'facnum,facden,sum, c=', facnum,facden,sum,c

      print*,'  '

      do 30 i=0,nstep

      plm(i)=c*plm(i)

30    continue

      do 40 i=0,nstep,20

      x=xi+dx*float(i)

      print 110, x,plm(i) , p21(x)

40    continue

110   format(1x,'x,plm,p21=',3(3x,e10.3))

      stop

      end

      subroutine factorial(L,m,sign,fac)

      real l,m

      fac=1

      if(sign.eq.1.)then

      n=int(l+m)

      do 10 i=1,n

      fac=fac*float(i)

10    continue

      endif

      if(sign.eq.-1)then

      n=int(l-m)

      do 20 i=1,n

      fac=fac*float(i)

20    continue

      endif

      return

      end

