Approximation to the exchange energy term K1s2s
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Reference :

1. Introduction to Quantum Mechanics with Applications to Chemistry 
by Linus Pauling (Author), E. Bright Wilson
The biggest  exchange energy term is that between two electrons that appear in the orbitals 1s and 2s, labeled here  K1s2s.
To simplify take the wavefunctions to depend on one variational parameter (a).
ψ1s(a,r) = ( a13 / π) ½  exp(-a r)                                                (1)         

ψ2s(a,r) =( a3 /(32π)) 1/2 (2-ar)  exp(-a r/2 )     
K1s2s (a) = - < ψ1s(r1) ψ2s(r1)  /  1/r12  / ψ1s(r2) ψ2s(r2)  >  . (2)

Let 
ρ(r1) = ψ1s(r1) ψ2s(r1)    and   ρ(r2) = ψ1s(r2) ψ2s(r2)       .        (3) 

Define

Φx1 (r1)   = (1/r1)   ∫ 4 π (r2)2  ρ(r2) dr2       , 0 ≤ r2 ≤ r1       (4)
and 

Φx2 (r1)   =    ∫ 4 π r2  ρ(r2) dr2          ,     r1  ≤   r2 ≤    ∞   .   (5)

Then expression(2) is  transformed into

K1s2s (a) = - ∫ 4 π r12  ρ(r1) { Φx1 +  Φx2} dr1     .                 (6)   

We calculate all integrals using MATLAB.

a)code and  results of equation       (4)

syms a a1 a2 r1 r2;

a1=a ; a2=a;

psi1s=sqrt(a1^3/pi)*exp(-a1*r2) ;

psi2s=(a2^3/(32*pi))^(1/2)*(2-a2*r2)...

    *exp(-a2*r2/2);

f=(1/r1)*4*pi*r2^2*psi1s*psi2s;

phix1=int(f,r2,0,r1)
phix1 =

1/12*r1^2*a^3*32^(1/2)*exp(-3/2*r1*a)            (7)
b)code and  results of equation       (5)

syms a a1 a2 r1 r2;

a1=a ; a2=a;

psi1s=sqrt(a1^3/pi)*exp(-a1*r2) ;

psi2s=(a2^3/(32*pi))^(1/2)*(2-a2*r2)...

    *exp(-a2*r2/2);

f=4*pi*r2*psi1s*psi2s;

phix2=-int(f,r2)

>>  

phix2 =

-1/18*a*32^(1/2)*(-a*r2*exp(-3/2*a*r2)-2/3*exp(-3/2*a*r2)+3/2*a^2*r2^2*exp(-3/2*a*r2))

>> r2=r1; eval(phix2) 

ans =

-2/9*a*2^(1/2)*(-r1*a*exp(-3/2*r1*a)-2/3*exp(-3/2*r1*a)+3/2*a^2*r1^2*exp(-3/2*r1*a))       .       (8)
>>

c)code and results of equation ( 6)  
yms a a1 a2 r1 r2;

a1=a ; a2=a;

psi1s=sqrt(a1^3/pi)*exp(-a1*r1) ;

psi2s=(a2^3/(32*pi))^(1/2)*(2-a2*r1)...

    *exp(-a2*r1/2);

phi1x=1/12*r1^2*a^3*32^(1/2)*exp(-3/2*r1*a);            

phi2x=-2/9*a*2^(1/2)*(-r1*a*exp(-3/2*r1*a)-2/3*exp(-3/2*r1*a)+3/2*a^2*r1^2*exp(-3/2*r1*a));       

f=4*pi*r1^2*psi1s*psi2s*(phi1x+phi2x);

kx1s2s=-int(f,r1)

>>  

kx1s2s =

1/27*32^(1/2)*(-16/81*a*2^(1/2)*(-27/16*a^3*r1^3*exp(-3/2*r1*a)^2-27/16*a^2*r1^2*exp(-3/2*r1*a)^2-9/8*a*r1*exp(-3/2*r1*a)^2-3/8*exp(-3/2*r1*a)^2)+8/27*a*2^(1/2)*(9/8*a^2*r1^2*exp(-3/2*r1*a)^2+3/4*a*r1*exp(-3/2*r1*a)^2+1/4*exp(-3/2*r1*a)^2)-8/81*a*2^(1/2)*(81/32*a^4*r1^4*exp(-3/2*r1*a)^2+27/8*a^3*r1^3*exp(-3/2*r1*a)^2+27/8*a^2*r1^2*exp(-3/2*r1*a)^2+9/4*a*r1*exp(-3/2*r1*a)^2+3/4*exp(-3/2*r1*a)^2))

>> r1=0; eval(kx1s2s)

ans =

                                      16/729*a               .     (9)                                                         
Substituting (9) in (6) gives the approximate 

K1s2s = -(16/729)*a =    - 2.19479 x 10-2 *a   .     (10)  

