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The ground state energy of hydrogenic atoms E= -Z2 /2 is calculated testing techniques appropiate to momentum space. 
Let the  potential be that of a screened Coulomb potential

  V(r) = -Z exp(- λ r) /r . We choose   λ =Z/137.
The purpose of this choice is to avoid the logarithmic  singularity at p=p’.

The trial wave function employed is 

φ (p) = N/ ( p2 + α 2 )2  .
 Alpha ( α ) is the variation parameter which in our simple Hydrogenic atoms is set equal to Z the atomic number. N is obtained  by integrating numerically  and requiring that  ∫ φ (p)2 d3 p =1.

The Schrodinger equation in p-space (for zero angular momentum) is

E φ (p) = (p2 / 2) φ (p) + 

  (z/(2π) ) ∫ dp’ (p’/p) *

       log [( (p-p’)2 + λ2   )/( (p+p’) 2 + λ2   )] φ (p’)    .

c momentum space wavefunctions    dec 1 , 2005

      real lambda

      pi=2.0*asin(1.0)

      z=10.0

      do 90 ia=1,10

      lambda=z/137.

      esc=-z**2/2.0

      alfa=z

      nstep=2000

      pmax=70.0*z

      pinitial=0.0

      dp=(pmax-pinitial)/float(nstep)

      call  consta(z,alfa,nstep,dp,pi,anorm)

c      print*,'anorm=',anorm

      call avcoul(z,alfa,anorm,lambda,4.5*pmax,3*nstep,pi,vcoul)

c      print*,'vcoul=',vcoul

      call akin(z,c,anorm,alfa,nstep,dp,pi,ecin)

      print 100, ecin,vcoul

      e= ecin +  vcoul

      print 110, z,esc,e

      print*,' '

c      alfa=alfa+da

      z=z+10.

      print*,'  '

90    continue

c      call plot(anorm,alfa,5.,nstep)

100   format(2x,'ecin,vcoul=',2(4x,e12.5))

110   format(1x,'Z,Eschr,E(p-space)=',3(2x,e11.4))

      stop

      end

      subroutine consta(z,alfa,nstep,dp,pi,anorm)

      psi(p)=(1./(p**2+alfa**2)**2)

      f(p)=4.*pi*p**2*psi(p)**2

      sum=0.0

      do 10 i=1,nstep

      p=dp*float(i)

      sum=sum + F(p) + F(p-dp)

10    continue

      sum=sum*dp/2.0

      anorm=1./sqrt(sum)

      return

      end

      subroutine akin(z,c,anorm,alfa,nstep,dp,pi,ecin)

      psi(p)=anorm/(p**2+alfa**2)**2

      tk(p)=.5*p**2

      f(p)=tk(p)*4.*pi*p**2*psi(p)**2

      sum=0.0

      do 10 i=1,nstep

      p=dp*float(i)

      sum=sum + F(p) +F(p-dp)

10    continue

      sum=sum*dp/2.0

      ecin=sum

      return

      end

      subroutine  avcoul(z,alfa,anorm,lambda,pmax,nstep,pi,vcoul)

      real lambda

      u1(p,prime)= (p-prime)**2+lambda**2

      u2(p,prime)= (p+prime)**2+lambda**2

      v(p,prime)=log(u1(p,prime)/u2(p,prime))

      psi(p)=anorm/(p**2+alfa**2)**2

      f(p,prime)=4.*pi*p*prime*psi(p)*psi(prime)*v(p,prime)

      dp=pmax/float(nstep)

      sum=0.0

      do 20 iy=1,nstep

      do 20 ix=1,nstep

      prime=dp*float(iy)

      p=dp*float(ix)

      sum=sum + F(p-dp/2.,prime-dp/2.)

20    continue

      sum=sum*dp**2*(z/(2.0*pi))

      vcoul=sum

      return

      end

      subroutine plot(anorm,alfa,pfinal,nstep)

      psi(p)=anorm/(p**2+alfa**2)**2

      dp=pfinal/float(nstep)

      do 10 i=0,nstep,20

      p=dp*float(i)

      print 100,p,psi(p)

10    continue

100   format(2x,'p,psi(p)=',2(4x,e11.4))

      return

      end

   ecin= kinetic energy,  vcoul=coulomb energy   
Z =atomic number  , Eschr = -Z2 /2 , E(p-space) is the present value obatained variationally
RESULTS
  ecin,vcoul=     0.49999E+02    -0.10009E+03

 Z,Eschr,E(p-space)=   0.1000E+02  -0.5000E+02  -0.5009E+02

  ecin,vcoul=     0.20000E+03    -0.40035E+03

 Z,Eschr,E(p-space)=   0.2000E+02  -0.2000E+03  -0.2004E+03

  ecin,vcoul=     0.44999E+03    -0.90058E+03

 Z,Eschr,E(p-space)=   0.3000E+02  -0.4500E+03  -0.4506E+03

  ecin,vcoul=     0.79999E+03    -0.16014E+04

 Z,Eschr,E(p-space)=   0.4000E+02  -0.8000E+03  -0.8014E+03

  ecin,vcoul=     0.12500E+04    -0.25019E+04

 Z,Eschr,E(p-space)=   0.5000E+02  -0.1250E+04  -0.1252E+04

  ecin,vcoul=     0.18000E+04    -0.36023E+04

 Z,Eschr,E(p-space)=   0.6000E+02  -0.1800E+04  -0.1802E+04

  ecin,vcoul=     0.24500E+04    -0.49030E+04

 Z,Eschr,E(p-space)=   0.7000E+02  -0.2450E+04  -0.2453E+04

  ecin,vcoul=     0.32000E+04    -0.64056E+04

 Z,Eschr,E(p-space)=   0.8000E+02  -0.3200E+04  -0.3206E+04

  ecin,vcoul=     0.40499E+04    -0.81066E+04

 Z,Eschr,E(p-space)=   0.9000E+02  -0.4050E+04  -0.4057E+04

  ecin,vcoul=     0.49999E+04    -0.10007E+05

 Z,Eschr,E(p-space)=   0.1000E+03  -0.5000E+04  -0.5008E+04

