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The Breit_Pauli equation is an approximation obtained from Dirac’s equation (see e.g.  Adavanced Quantum Mechanics – J.J. Sakurai ,

 Chapter 3. )
The first two terms constitute the Schrodinger Hamiltonian.The third is a relativistic correction to the kinetic energy.The fourth represnts the spin-orbit coupling , proportional to the “dot’ product  ~ S•L . It is zero for s- states.The last term is called the Darwin term and it is nonvanishing only for s=0 states.

The calculation below is for Z=10.

The wavefunction in configuration space is 

ψ ( r ) = (α3 / π )1/2 exp(-α r)                                   (1)

In momentum space is

Φ (p) =    π  / {4 α3  ( p2   +  α2 )2 }                                 (2) 
We use eq. (1) to calculate readily the first ,second ,  fourth and fifth  term.
To calculate the third one ,we employ the p_space representation and  use subroutine akinsim(alfa,c,nstep1,dp1,pi,anorm,tkcorr) .
In atomic units  m=1 , h (bar)=1  , e=1.  , c=137.11 

  1 energy unit ≈ 27.2 eV

< p2 /2> = α2 /2       ,  < e A0 > = -Z α   .

The spin orbit term is zero for s=0.The Darwin term is 

Dw = (Z/(2.d0*c**2))*alfa**3  ( only for s states , zero otherwise)

c    Breit-Pauli equation –mixed representation
      implicit real*8(a-h,o-z)

      g(p)=anorm/(p**2+alfa**2)**2

      pi=2.d0*asin(1.d0)

      z=10.d0

      alfa=1.0d0*z

      c=137.11d0

      edirac=c**2*(dsqrt(1.0d0-(z/c)**2)-1.0d0)

      darwin=(Z/(2.d0*c**2))*alfa**3

      deltae=-.5d0*(z**4/c**2)*(1.d0-.75d0)

      print*,'darwin=',darwin

      nstep1=30000

      pf=4800.d0*z

      dp1=pf/dfloat(nstep1)

      dp2=dp1

      nstep2=int(pf/dp2)

      call  consta(z,alfa,nstep1,dp1,pi,anorm)

      call  akinsim(alfa,c,nstep1,dp1,pi,anorm,tkcorr)

      vc=-z*alfa

      tk=.5d0*alfa**2

      ecin=tk+tkcorr

c      sum=sum*(-4.*z)*dp1*dp2

c      vc=sum

      et=ecin+vc+darwin

      eh=-z**2/2.d0

      ehc=eh+deltae

      print 110,eh ,ehc,edirac

      print 100, ecin, vc, et

100   format(2x,'Ecin, Vc, Et=',3(1x,d13.6))

110   format(2x,'e(sch),ecorr,edirac=',3(3x,d13.6))

      stop

      end

      subroutine consta(z,alfa,nstep1,dp1,pi,anorm)

       implicit real*8(a-h,o-z)

      psi(p)=1.0d0/(p**2+alfa**2)**2

      sum=0.d0

      do 10 i=1,nstep1

      p=dp1*dfloat(i)

      sum=sum + (Psi(p)*p)**2+(psi(p-dp1)*(p-dp1))**2

10    continue

      sum=sum*4.d0*pi*dp1/2.d0

      anorm=dsqrt(1.d0/sum)

      return

      end

      subroutine  akinsim(alfa,c,nstep1,dp1,pi,anorm,tkcorr)

      implicit real*8(a-h,o-z)

      psi(p)=anorm/(p**2+alfa**2)**2

      tk(p)= -(p**4)/(8.d0*c**2)

      simp=0.d0

      do 10 i=1,nstep1,2

      p=dp1*dfloat(i)

      simp=simp + ((p-dp1)*psi(p-dp1))**2*tk(p-dp1)+

     $ 4.d0*(p*psi(p))**2*tk(p)+ ((p+dp1)*psi(p+dp1))**2*tk(p+dp1)

10    continue

      simp=simp*4.d0*pi*dp1/3.d0

      tkcorr=simp

      return

      end

RUN for Z=10
darwin=  0.265969442

  e(sch),ecorr,edirac=   -0.500000E+02   -0.500665E+02   -0.500667E+02

  Ecin, Vc, Et= 0.496677E+02  -0.100000E+03  -0.500664E+02
Summary

E (schrodinger)= -0.500000E+02   
E (perturbation) = -0.500665E+02    see above reference ( Sakurai)

E(Dirac) = -0.500667E+02  

E (our result) = -0.500664E+02   the integration of p ,goes up to   p(max) = 4800* Z
