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Let the unknwon function φ (x) satisfy 
φ (x) =  λ   ∫0x    K(x,y) φ (y) dy +  f(x) 
(the integral goes from 0 to x).
The parameter λ   is given  and  K(x,y)= (x-y)     for    y≤x     and   K (x,y) = 0    for    y>x.
Let   f(x)  = x.

It is not difficult to verify that the solution in this simple example (with λ= -1)  is,  φ (x) = sin(x) .
FORTRAN CODE

*******************************************

c   Volterra equation  'diagonal' Kernel(x,y)=0. if y>x

c  see F. G. Tricomi : Integral Equations Dover Publ. page 5

c A Volterra eq. of first kind can be transformed to an eq. of the

c second kind (see pages 16,16)

c Example #1  if k(x,y)= x-y  , f(x) =x  , phi(x)=sin(x)

      real kernel , lambda ,k

      dimension phi1(0:500), phi2(0:500)

      equivalence (nx,ny)

      kernel(x,y)=(x-y)

      f(x)=x

      pi=2.*asin(1.)

      tol=1.e-3

      lambda=-1.

      nx=200

      dx=1./float(nx)

      dy=1./float(ny)

      kprint=int(float(nx)/20.)

c  intial value assumed Phi(i) = f(x)

      do 10 i=0,nx

      x=dx*float(i)

      phi1(i)=f(x)

10    continue

      niter=5

      do 50 iter=1,niter

c  carry out niterations

      do 20 ix=0,nx

      x=dx*float(ix)

      sum=0.

      do 30 iy=1,ix

      y=dy*float(iy)

      if(ix.ne.0)then

      sum=sum+lambda*(Kernel(x,y)*phi1(iy)+ Kernel(x,y-dy)*phi1(iy-1))

      endif

30    continue

      sum=sum*dy/2.

      phi2(ix)= sum+f(x)

20    continue

      do 40 i=0,nx

      phi1(i)=phi2(i)

40    continue

      print*,'iter no.=',iter

      call plot(phi1,k,dx,dy,nx,kprint)

      print*,'   '

      if(iter.eq.1)term1=phi2(nx)

      if(iter.ge.2)then

      term2=phi2(nx)

      dif= abs(term2-term1)/abs(term2)

      term1=term2

      if(dif-tol)200,200,50

      endif

50    continue

200   print*,'num iterations=',iter

      stop

      end

      subroutine plot(phi,k,dx,dy,nx,kprint)

      real k

      dimension phi(0:500)

      phi3(x)=.5*(k**2*(cosh(k*x)-cos(k*x))+k*(sinh(k*x)-sin(k*x)))

      do 10 i=0,nx,kprint

      x=dx*float(i)

      print 100 , x, phi(i),sin(x)

10    continue

100   format(2x,'x,phi,sin(x)=',e11.4, 2(4x,e12.5))

      return

      end

RUN

iter no.= 3

  x,phi,sin(x)= 0.0000E+00     0.00000E+00     0.00000E+00

  x,phi,sin(x)= 0.5000E-01     0.49979E-01     0.49979E-01

  x,phi,sin(x)= 0.1000E+00     0.99834E-01     0.99833E-01

  x,phi,sin(x)= 0.1500E+00     0.14944E+00     0.14944E+00

  x,phi,sin(x)= 0.2000E+00     0.19867E+00     0.19867E+00

  x,phi,sin(x)= 0.2500E+00     0.24740E+00     0.24740E+00

  x,phi,sin(x)= 0.3000E+00     0.29552E+00     0.29552E+00

  x,phi,sin(x)= 0.3500E+00     0.34290E+00     0.34290E+00

  x,phi,sin(x)= 0.4000E+00     0.38942E+00     0.38942E+00

  x,phi,sin(x)= 0.4500E+00     0.43497E+00     0.43497E+00

  x,phi,sin(x)= 0.5000E+00     0.47943E+00     0.47943E+00

  x,phi,sin(x)= 0.5500E+00     0.52269E+00     0.52269E+00

  x,phi,sin(x)= 0.6000E+00     0.56464E+00     0.56464E+00

  x,phi,sin(x)= 0.6500E+00     0.60519E+00     0.60519E+00

  x,phi,sin(x)= 0.7000E+00     0.64422E+00     0.64422E+00

  x,phi,sin(x)= 0.7500E+00     0.68164E+00     0.68164E+00

  x,phi,sin(x)= 0.8000E+00     0.71736E+00     0.71736E+00

  x,phi,sin(x)= 0.8500E+00     0.75128E+00     0.75128E+00

  x,phi,sin(x)= 0.9000E+00     0.78333E+00     0.78333E+00

  x,phi,sin(x)= 0.9500E+00     0.81342E+00     0.81342E+00

  x,phi,sin(x)= 0.1000E+01     0.84147E+00     0.84147E+00

