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The one dimensional wave y(x,t) satisfies 
               ρ ∂2y/∂t2           =   T ∂2 y/∂x2   -  R ∂y/∂t     (1)

Assume the  values            ρ =0.25kg/m         T= 25 N        R =   kg/(m-s)

The propagation velocity is

                                      c = ( T/ ρ )1/2 =                         (2)

The boundary conditions are  y (0,t)= y(L=1., t)=0

For the  initial conditions specify   y(x,t=0) = g(x)   and also the initial vertical speed    ( ∂y/∂t) t=0 = h(x)  .
Equation (1) is written as a forward difference equation  
    Define      

 term1= -(R/ ρ)*((y(x,t)-y(x,t-dt))/dt)                      (3)
 term2= c**2*( y(x+dx,t)-2.*y(x,t)+y(x-dx,t) )/dx**2      (4)

thus

      y(x, t+dt )= 2.*y(x,t )-y(x,t-dt ) + dt**2*(term1+term2)     (5)

It is convenient to view the problems as as a two dimensional mesh where time is the vertical axis and position is the horizontal.

Then ( 5)  is rewritten as  ( index i represents xi , j represents tj )
      term1= -(r/rho)*((u(i,j)-u(i,j-1))/dt)

      term2= vel**2*(u(i+1,j)-2.*u(i,j)+u(i-1,j))/dx**2

      u(i,j+1)=2.*u(i,j)-u(i,j-1) + dt**2*(term1+term2) 

where y (i,j) is a two dimensional array.

Let a one meter string be fixed at both ends with 

Data :   T = 25 N   ,  ρ =0.25 kg/m     , R= 2 kg/(m-s)

Length = 1.00 m   ,  then   c = 10 m/s       .

Let  y(x,t=0) = g(x) =  sin(π x).

λ = 2 L = 2.00 meters   and the period T =  λ/c =t0 = 0.2 s defines one scale of time .

Another scale of time comes from  

t1   = ρ /R = .125 s

Let ∆x = L / (nstep) where nstep are the number of grid points into which the the space integration is divided. 

The choice of ∆t must satisfy
∆t <<   ∆x /c     and also     ∆t <<  t0       ,  ∆t <<  t1        
A typical output is 

  vel,r,rho/R =  10.  2.  0.125

  t0,t1,t3,tfinal =   0.2000E+00   0.1250E-01   0.2500E-04   0.0000E+00

 dt,dx,nstep,ntime=  2.49999994E-005  0.0500000007 20 0

 final time=  0.

  x,u (x,t)=     0.0000E+00     0.0000E+00

  x,u (x,t)=     0.5000E-01     0.1564E+00

  x,u (x,t)=     0.1000E+00     0.3090E+00

  x,u (x,t)=     0.1500E+00     0.4540E+00

  x,u (x,t)=     0.2000E+00     0.5878E+00

  x,u (x,t)=     0.2500E+00     0.7071E+00

  x,u (x,t)=     0.3000E+00     0.8090E+00

  x,u (x,t)=     0.3500E+00     0.8910E+00

  x,u (x,t)=     0.4000E+00     0.9511E+00

  x,u (x,t)=     0.4500E+00     0.9877E+00

  x,u (x,t)=     0.5000E+00     0.1000E+01

  x,u (x,t)=     0.5500E+00     0.9877E+00

  x,u (x,t)=     0.6000E+00     0.9511E+00

  x,u (x,t)=     0.6500E+00     0.8910E+00

  x,u (x,t)=     0.7000E+00     0.8090E+00

  x,u (x,t)=     0.7500E+00     0.7071E+00

  x,u (x,t)=     0.8000E+00     0.5878E+00

  x,u (x,t)=     0.8500E+00     0.4540E+00

  x,u (x,t)=     0.9000E+00     0.3090E+00

  x,u (x,t)=     0.9500E+00     0.1564E+00

  x,u (x,t)=     0.1000E+01     0.0000E+00
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         Second oscilation
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FORTRAN CODE

c  One dimensional wave equation rho*d2y/dt2 =T d2y/dx2-Rdy/dt

c with friction term R    solved by forward difference method

c   SI units emplyed  Lscale is the length of the string ,

c     while tscale=L/v

c stability imposes the condition   vel*dt/dx < 1

      dimension u(0:10000,0:10000)

      real Lscale

      uxcero(x)=sin(pi*x)

      dudt(x)=0.

      rho=0.25

      T=25.

      vel=sqrt(T/rho)

      Lscale=1.

      t0=Lscale/vel

      R=2.

      t1=rho/R

c in  defining R the factor 2 comes from the decay time/(L0/vel)

c Lscale is the length of the string = 1.0 meter

      pi=2.*asin(1.)

c  fix dx as a fraction of Lscale then chose dt  .le. dx/vel

      nstep=20

      dx=Lscale/float(nstep)

      dt =.005*dx/vel

c boundary cond.- wave has zero amplitude at x=0. and at x=L

      do 70 i=0,10000

      u(0,i)=0.

      u(nstep,i)=0.

70    continue

      tfinal=2.*t0

      ntime=int(tfinal/dt)

      print*,'vel,r,rho/R =',vel,r,rho/R

      print*,'t0,tfinal=',t0,tfinal

      print*,'dt,dx,nstep,ntime=',dt,dx,nstep,ntime

      print*,'     '

c row zero = uxczero and first row u1=u0+(dudt) delta(t)

      do 10 i=1,nstep-1

      x=dx*float(i)

      u(i,0)=uxcero(x)

      u(i,1)=dudt(x)*dt+ uxcero(x)

10    continue

c the most advanced time step approximation is taken

      do 30 j=1,ntime

      do 30 i=1,nstep-1

      term1= -(r/rho)*((u(i,j)-u(i,j-1))/dt)

      term2= vel**2*(u(i+1,j)-2.*u(i,j)+u(i-1,j))/dx**2

      u(i,j+1)=2.*u(i,j)-u(i,j-1) + dt**2*(term1+term2)

30    continue

      print*,'final time=',tfinal

      print*,'   '

      do 50 i=0,nstep

      x=dx*float(i)

      print 100, x , u(i,ntime)

50    continue

100   format(2x,'x,u (x,t)=',2(4x,e11.4))

      stop

      end



























































































