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Reference: Methods of Theoretical Physics, Parts 1 and 2 by Philip Morse and Herman Feshbach , page 1114
The zero order Bessel equation is

 d 2 J/ dx2   = - (1/x) dJ/dx  - J         (1)
Suppose we solve the circularly symmetric  problem of a clamped circular membrane of radius =1.
The problem becomes one of eigenvalues 

d 2 Ψ/ dr2   = - (1/r) d Ψ /dr  - k2 Ψ        (2)

with boundary conditions  

 Ψ (r=a=1) =0. ,   Ψ (0) =1.  , and  (dΨ/dx)0 =0.            (3)

We solve (2) numerically from r=0  up to r=1  and read off the final values 

Ψ (r=1)  as k is varied. The plot of   Ψ (r=1)   vs k shows clearly the eigenvalues k. They are also the roots of J0(x).
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By inspection it is seen that

the first thrre roots of J0 (x ) are ≈  2.40, 5.50 , 8.65
FORTRAN CODE
c Vibration of a circular membrane  ...circularly symmetric modes

c Ref. Morse & Feshbach - Methods of Theoretical Physics

c  Part II page 1114. Laplace operator in cylindrical coordinates

      g(x,psi1,psi0)= -(1./x)*dx*(psi1-psi0) -dx**2*ak**2*psi1

      aki=8.4

      akf=9.

      nk=100

      dk=(akf-aki)/float(nk)

      ak=aki

c boundary conditions psi(0)=1., psi'(0.)=0. , psi(x=a)=0.

      do 10 ik=1,nk

      psi0=1.

      psi1=psi0

      al0=1./ak

c      nstep=5000

c      dx=1./float(nstep)

      dx=.1*al0

      nstep=int(1./dx)

c      print*,'al0,dx,nstep=',al0,dx,nstep

      do 20  i=2,nstep

      x=dx*float(i)

      psi2=2.*psi1-psi0 + g(x-dx,psi1,psi0)

c      print*,'psi2,g=',psi2 ,g(x-dx,psi1,psi0)

      psi0=psi1

      psi1=psi2

20    continue

      print 100, ak,psi2

100   format(2x,'k,psi(x=a)= ',  2(4x,e11.4) )

      ak=ak+dk

10    continue

      stop

      end

