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Non linear and or stiff differential equations are problematic when numerical codes are applied to find the solution. We believe that part of the problem arises from the unrecognized dimensionality in the equations that can serve to define an appropriate interval dt. The interval dt is also constrained by the precision of the numerical code.

Van der Pol equation is catalogued as a  good example of both a non linear and stiff equation at the same time.

One form of Van der Pol equation is
y'' = epsilon*(1-y**2)y' –y                                                                      .(1)
To integrate it numerically the choice of dt is crucial.
Tha interval dt has two constraints in this problem.

The first constraint has to do with the dimensions implicit in the equation. They define a scale of   ‘time ’ if this is the independent variable.

Let’s assign dimensions to the equations such as  , y~m   , y’ ~ m/s  , y’’~ m/s2 ,that is ,y is a function of time. Then   

epsilon*y**2*y'    ~ m/s2    , therefore epsilon ~ 1/(m2 s)       .                    (2)

This defines a time scale – the smallest in the equation- equal to

                                          t1 = 1/( (Length scale)2 epsilon)            .            (3)

Assume the length scale is the original position y0 ≠ 0  , then  

                                                         t1 = 1/( (y0)2 epsilon)                         . (4)

It is logical to take    the first constraint as        

                                                                dt << t1                                        . (5)

But one also has to consider the precision of the code in use. For example if use single precision FORTRAN, the numbers can not have more than seven digits. Of course there is the option of double precision an even more. leaving that aside the numerical integration will use approximations like

      y1  ≈ y0  + dt (dy/dt) +…                                                                          (6)
Single precision implies that we must have  in general 
(y1-y0)/y0  < 1.E-7      , hence    dt ( dy/dt) /y0   > 1.E-7                        
or         dt  >  y0 (1.E-7) / (dy/dt)  .                                             (7)
This of course is dependent on the solution itself which we don’t know beforehand and dy/dt can be zero for the solution sought.
In the example given below   y0=1.meter  and (dy/dt)0 =0    and from  eq (1) the maxima and minima of 

dy /dt    give     

                                              y'' = epsilon*(1-y**2)y' –y  =0       .       (8)
Allowing the estimates    / y’ (max,min)/ =  y /epsilon*(1-y**2)~ 1/ (epsilon*y)      (9)

Actually (9) shows that y’  is infinite when y goes throgh zero ( see graph below) .  to estimate / y’( min)/  use again the length scale =y0=1.m.  So 
    / y’( min)/  ~ 1/(espsilon) ~ 1.E-1   m/s          and   from (7)     we obtain the approximation        dt  >  1.E-6  .

Taking into account (4)  ,  (5) and the last result ,  with y0=1m,  epsilon =10/ (m2 s) gives the approximate inequality for dt

                                                  1.E-6 s  <   dt  < 0.1 s          .                           (10)
      espsilon =10/(m2 s)   , y0=1.m dy/dt =0m/s       dt =1.E-3 seconds
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‘Solution of Van der Pol's equation, € = 10.0
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Solution of van der Pol's equation using the classical Runge-Kutta-Method of order 4, level 4. Van der Pol's equation given in reference 1.

***********************

My MATLAB version
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my   MATLAB code
% vander Pol equation by finite differences

% y'' = epsilon*(1-y^2)y' -y  

%x'' + x + epsilon*(x^2-1)*x' = 0

epsilon=10.; 

y(1)=1.;dydt(1)=0.;tscale=1./(y(1)^2*epsilon);

tf=60.; dt=tscale/100;

y(2) = y(1) +dt*dydt(1); k=1; 

dydt(2)=dydt(1)+dt*(epsilon*(1-y(1)^2)*dydt(1) -y(1) );

for t=[2.*dt:dt:tf]    

    k=k+1;

    y(k+1)=2.*y(k)-y(k-1) + (dt^2)*( epsilon*(1.-y(k)^2 )*( y(k)-y(k-1))/dt -y(k) );

    dydt(k+1)=( y(k+1)-y(k))/dt;

end

t=[0:dt:tf];

%plot(y,dydt) , xlabel('y(m)') , ylabel('dy/dt(m/s)')

plot(t,y) , xlabel('t(s)') , ylabel('y(m)')

****************************************************
FORTRAN code 

c vander Pol equation solved by finite differences

c y'' = epsilon*(1-y^2)y' -y

c  x'' + x + epsilon*(x^2-1)*x' = 0

      a(y0,y1)=epsilon*(1-y1**2)*(y1-y0)/dt -y1

      epsilon=10.

        y0=1.

        dydt=0.

        tscale=1./(y0**2*epsilon)

        dt=tscale/100.

        tf=60.

      y1 = y0 +dt*dydt

      nstep=int(tf/dt)

      print*,'nstep=',nstep

      print*,'   '

      kprint=int(float(nstep)/200.)

      kount=kprint

      print  100,0.,y0

      do 10 i=2,nstep

      t=dt*float(i)

      y2=2.*y1-y0 +dt**2*a(y0,y1)

      if(i.eq.kount)then

       print  100,t,y2

      kount=kount+kprint

      endif

      y0=y1

      y1=y2

10    continue

100   format(1x,'t,y=',2(3x,e10.3))

      stop

      end
