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In this example we show how a third order equation is reduced to three first order differential equations and proceed to solve them by the finite difference method. The results are compared with the exact solution.

The third order equation

d3 x/ dt3 + 2 d2 x/dt2  -dx/dt -2x=0            (1-a),

  has the characteristic equation  s3   +2s2  –s -2 =0. It is factored into

(s+2)( s2 – 1) =0 .The roots are s = -2 ,-1 ,+1

 and the general solution is

x(t ) = c1*exp(-2t) + c2 exp(-t) +c3*exp(t)     (1-b)
Let     

dx/dt = v                            (2)

d2 x/dt2  = dv/dt  = a           (3)

d3 x/ dt3 = da/dt                   (4)
Inserting  (2) , (3) and (4) in (1-a) gives the first order equation
da/dt = -2a +v+2x                       (5)

Solving(2) (3) and (5) by finite differences   , we have
a1  = a 0  +    (∆ t) (2 x0 + v0 – 2 a0 )

v1 = v0 + ( ∆ t) a0
x1 = x0 + (∆ t)  v0
Choosing  c1=1 , c2 =1. , c3=1.    makes the initial conditions to be

x(0)=  x0 =3.    ,  v(0)= v0  = -2    and   a0 = 6.

The FORTRAN code is given along with a comparison of the numerical results with the analytical solution.

********************************************

c third order diff equation D3x/dt3 +2.*d2x/dt2-dx/dt -2.*x = 0.

      xexact(t)=c1*exp(-2.*t) + c2*exp(-t)+c3*exp(t)

      c1=1.

      c2=1.

      c3=1.

c  initial conditions

      x0=3.

      v0=-2.

      a0=6.

      tscale=amin1(.5,.5**(1./3.))

      dt=tscale/200.

      tf=5.*tscale

      nstep=int(tf/dt)

      kprint=int(float(nstep)/50.)

      kount=kprint

      print*,'nstep,dt,tf=',nstep,dt,tf

      print*, '  '

      print 100,0.,x0 ,xexact(0.)

      do 10 i=1,nstep

      t=dt*float(i)

      a1=a0+dt*(2.*x0+v0-2.*a0)

      v1=v0+dt*a0

      x1=x0+dt*v0

      if(i.eq.kount)then

      print 100 , t ,x1, xexact(t)

      kount=kount+kprint

      endif

      a0=a1

      v0=v1

      x0=x1

10    continue

100   format(1x,'t,xnum, xex=',3(3x,e11.4))

      stop

      end

     nstep,dt,tf= 1000  0.00249999994  2.5

 t,xnum, xex=    0.0000E+00    0.3000E+01    0.3000E+01

 t,xnum, xex=    0.5000E-01    0.2907E+01    0.2907E+01

 t,xnum, xex=    0.1000E+00    0.2828E+01    0.2829E+01

 t,xnum, xex=    0.1500E+00    0.2762E+01    0.2763E+01

 t,xnum, xex=    0.2000E+00    0.2709E+01    0.2710E+01

 t,xnum, xex=    0.2500E+00    0.2668E+01    0.2669E+01

 t,xnum, xex=    0.3000E+00    0.2638E+01    0.2639E+01

 t,xnum, xex=    0.3500E+00    0.2619E+01    0.2620E+01

 t,xnum, xex=    0.4000E+00    0.2609E+01    0.2611E+01

 t,xnum, xex=    0.4500E+00    0.2610E+01    0.2613E+01

 t,xnum, xex=    0.5000E+00    0.2621E+01    0.2623E+01

 t,xnum, xex=    0.5500E+00    0.2641E+01    0.2643E+01

 t,xnum, xex=    0.6000E+00    0.2669E+01    0.2672E+01

 t,xnum, xex=    0.6500E+00    0.2707E+01    0.2710E+01

 t,xnum, xex=    0.7000E+00    0.2754E+01    0.2757E+01

 t,xnum, xex=    0.7500E+00    0.2809E+01    0.2812E+01

 t,xnum, xex=    0.8000E+00    0.2873E+01    0.2877E+01

 t,xnum, xex=    0.8500E+00    0.2946E+01    0.2950E+01

 t,xnum, xex=    0.9000E+00    0.3028E+01    0.3031E+01

 t,xnum, xex=    0.9500E+00    0.3118E+01    0.3122E+01

 t,xnum, xex=    0.1000E+01    0.3217E+01    0.3221E+01

 t,xnum, xex=    0.1050E+01    0.3325E+01    0.3330E+01

 t,xnum, xex=    0.1100E+01    0.3443E+01    0.3448E+01

 t,xnum, xex=    0.1150E+01    0.3570E+01    0.3575E+01

 t,xnum, xex=    0.1200E+01    0.3706E+01    0.3712E+01

 t,xnum, xex=    0.1250E+01    0.3853E+01    0.3859E+01

 t,xnum, xex=    0.1300E+01    0.4009E+01    0.4016E+01

 t,xnum, xex=    0.1350E+01    0.4176E+01    0.4184E+01

 t,xnum, xex=    0.1400E+01    0.4355E+01    0.4363E+01

 t,xnum, xex=    0.1450E+01    0.4544E+01    0.4553E+01

 t,xnum, xex=    0.1500E+01    0.4745E+01    0.4755E+01

 t,xnum, xex=    0.1550E+01    0.4959E+01    0.4969E+01

 t,xnum, xex=    0.1600E+01    0.5185E+01    0.5196E+01

 t,xnum, xex=    0.1650E+01    0.5425E+01    0.5436E+01

 t,xnum, xex=    0.1700E+01    0.5678E+01    0.5690E+01

 t,xnum, xex=    0.1750E+01    0.5945E+01    0.5959E+01

 t,xnum, xex=    0.1800E+01    0.6228E+01    0.6242E+01

 t,xnum, xex=    0.1850E+01    0.6527E+01    0.6542E+01

 t,xnum, xex=    0.1900E+01    0.6841E+01    0.6858E+01

 t,xnum, xex=    0.1950E+01    0.7174E+01    0.7191E+01

 t,xnum, xex=    0.2000E+01    0.7524E+01    0.7543E+01

 t,xnum, xex=    0.2050E+01    0.7893E+01    0.7913E+01

 t,xnum, xex=    0.2100E+01    0.8282E+01    0.8304E+01

 t,xnum, xex=    0.2150E+01    0.8691E+01    0.8715E+01

 t,xnum, xex=    0.2200E+01    0.9123E+01    0.9148E+01

 t,xnum, xex=    0.2250E+01    0.9577E+01    0.9604E+01

 t,xnum, xex=    0.2300E+01    0.1006E+02    0.1008E+02

 t,xnum, xex=    0.2350E+01    0.1056E+02    0.1059E+02

 t,xnum, xex=    0.2400E+01    0.1109E+02    0.1112E+02

 t,xnum, xex=    0.2450E+01    0.1165E+02    0.1168E+02

 t,xnum, xex=    0.2500E+01    0.1223E+02    0.1227E+02 
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