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One kind of the  Mathieu equation is

d2y/dx2 = -( b- s* cos(x)**2 )y                  (1)

The parameter (s)  is given or fixed ,for example take presently s=2, and b is unknown which is sought along with the solution y(x).      

The solution is subject to the boundary conditions, Y(0)=1. ,Y'(0)=0. , Y(2pi) =1. 
Eq.(1) is solved numerically by the finite difference method ( see FORTRAN code below)
from 0 to 2π. The last value  Y(2π) is plotted vs b . The eigenvalues can be 

read off immediately  from the graph, those b values when Y(2π)=1.
[image: image1.emf]Eigenvalues of Mathieu equation for s=2.0
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The eigenvlues are those b-values for which Psi(2pi)=1. 

At a glance we see  the eigenvlaues  ,b0 , b1, b2, b3, b4, b5, b6.

To have a precise value ,one runs the program  for a   small   ∆ b range around an eigenvalue.

For example refining the eigenvalue b0 we integrate  the equation for  b in the range 

0.8 to 0.90 ,

Here are the values where Y( 2pi)  crosses 1.

  b , psinf=     0.8760E+00     0.1053E+01

  b , psinf=     0.8767E+00     0.1042E+01

  b , psinf=     0.8773E+00     0.1026E+01

  b , psinf=     0.8780E+00     0.1011E+01

  b , psinf=     0.8787E+00     0.9956E+00

  b , psinf=     0.8793E+00     0.9672E+00

  b , psinf=     0.8800E+00     0.9532E+00

  b , psinf=     0.8807E+00     0.9460E+00

So b is between      0 .8780 and 0.8787  . 


[image: image2]
c vibrational energy levels for the hydrogen molecule

c   d2y/dx2 = -( b- s*cos(x)**2 ) y   -  see Morse & Feshbach    ccpage1010

      dimension psi(0:10000) ,psinf(300),beigen(300)

c      g(u,i)=-(b-s*cos(2.*u))*psi(i)

      g(u,i)=-(b-s*cos(u)**2)*psi(i)

      pi=2.*asin(1.)

      s=2.

      bi=20.

      bf=40.

      nstep=5000

      niter=150

      db=(bf-bi)/float(niter)

      xi=0.

      xf=2.*pi

c      xf=pi

      dx=(xf-xi)/float(nstep)

      print*,'dx=',dx

      do 20 it=1,niter

      beigen(it)=bi+db*float(it-1)

      b=beigen(it)

c soluc ~cos CI psi(0)=1. ,psi(1)=1.//solu ~ sin CI Psi(0)=0.,Psi(1)=dx

c      psi(0) =0.

c      psi(1)=psi(0) + dx

      psi(0)=1.

      psi(1)=psi(0)

      do 10 i=2,nstep

      x=xi + dx*float(i)

      psi(i)=dx**2*g(x-dx,i-1)+ 2.*psi(i-1)-psi(i-2)

c      print*,'x,g,psi=',x , g(x-dx,i-1) , psi(i)

10    continue

      psinf(it)=psi(nstep)

20    continue

      do 100 i=1,niter

      print 120,beigen(i),psinf(i)

100   continue

120   format(3x,'b , psinf=',2(4x,e11.4))

      if(niter.eq.1)call plotwave(psi,xi,xf,dx,nstep,60)

      print*,'   '

c      call plotvx(b,s,xi,xf,60)

      stop

      end

      subroutine plotvx(b,s,xi,xf,nx)

      V(x) = b-s*cos(x)**2

      dx= (xf-xi)/float(nx)

      do 10 i=0,nx

      x=xi+dx*float(i)

      print 100, x, v(x)

10    continue

100   format('x,V(x)=',2(3x,e11.4))

      return

      end

      subroutine plotwave(psi,x1,x2,dx,nstep,ns)

      dimension  psi(0:10000)

      print*,'x1,x2=',x1   , x2

      print*,'    '

      do 10 i=0,nstep,ns

      x=x1+dx*float(i)

      print 100, x , psi(i)

10    continue

100   format(2x,'x,psi=',2(3x,e11.4))

      return

      end

eigenvalues ofthe  Mathieu eq. (s=2.)


                   20. < b  <40.
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