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Stiff differential equations can be solved by defining an appropriate scale for the independent variable and using a Taylor series with enough terms.

Reference:

1. MATLAB News & Notes - May 2003 Cleve’s Corner, http://www.mathworks.com/company/newsletters/news_notes/clevescorner/may03_cleve.html
An example of  a stiff differential equation  is 
 dy/dt = ay2- by3       .                                      (1)

Dimensions , let y ~ meters , t ~seconds , the  constants a and b have dimensions ,
a~ (1/(m-s)    and   b ~ 1/(m2 –s)                      (2) .

For a small intial position y(0) = δ (meters)  , the speed dy/dt (m/s) can be small depending on a & b. y(t) grows slowly until there is a sudden jump at t=1/( δa ) ,  to a final value of y (ymax ) at which point dy/dt =0.
From (1)   dy/dt=0  , when 

y = ymax = (a/b)                                            . (3)
To integrate (1) we  define two time scales t 1 , and t 2  ,

t 1 = 1/( δa ) ~ s   , and t 2 = 1/( δ2 b) ~ s    .        (4)

A third order Taylor series is used selecting 

dt= t 1 /4000 in the first two cases where δ=1.E-2 and 1.e-4.   

The integration is up to  tfinal =1.3*  t 1                  .       (5)
Thus we expand 

y1 = y0 + dt* (dy/dt) + .5*(d2y/dt2) +
                                                    (1./6.)* dt**3* (d3 y/dt3)    .     (6)

With 

d2y/dt2 = 2 a y (dy/dt) -3b y2 (dy/dt)                                         (7)

and

d3 y/dt3 = 2 a(dy/dt)2 + 2 a y d2y/dt2 -6 b y (dy/dt)2 
                 -3b y2 d2y/dt2                                                            (8)
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For the last case dt= t1/1.E5
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c stif DE    dy/dt = a*y**2-b*y**3   IC  y(0.)= delta

      data  a,b,delta /1.,1., 1.E-5/

      dydt(y)= a*y**2-b*y**3

      d2ydt(y)= 2.*a*y*dydt(y) -3.*b*y**2*dydt(y)

      d3ydt(y)=2.*a*dydt(y)**2+2.*a*y*d2ydt(y)-6.*b*y*dydt(y)**2 -

     $3.*b*y**2*d2ydt(y)

      t1=1./(a*delta)

      t2=1./(b*delta**2)

      tscale=amin1(t1,t2 )

      vscale=1./tscale

      tf=1.3*tscale

      dt=tscale/1.E5

      nstep=int(tf/dt)

      kp=int(float(nstep)/60.)

      kount=kp

      y0=delta

      print*,'delta,a,b=',delta,a,b

      print 110,nstep,t1,t2,dt

      print*,'   '

      print 100, 0., y0 ,dydt(y0)

      do 10 i=1,nstep

      t=dt*float(i)

      y1= y0 + dt*dydt(y0)+.5*dt**2*d2ydt(y0)+(1./6.)*dt**3*d3ydt(y0)

      if(i.eq.kount)then

      print 100, t,y1,dydt(y1)

      kount=kount+kp

      endif

      y0=y1

10    continue

100   format(2x,'t,y dy/dt =',3(4x,e11.4))

110   format(1x,'nstep,t1,t2,dt=',i6,3(2x,e11.4))

      stop

      end
