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We illustrate ,with a few examples, the evaluation of singular integrals by the procedure of : differentiation relative to a parameter , which is presently labeled  alpha (α ).

Let’s evaluate  the  integral  

I =   ∫ cos(x) log (x) dx    from 0 to 1. 

We define  the integral  J as a functional of  α  ,

J(α )  =   ∫ cos(x) exp (α log (x) )dx for the same interval.    
Then    I  = lim  ∂ J / ∂ α   as    α→ 0.

The code printed below calculates J for values of  α near zero and takes the derivative.
The function f(x, alfa) is the integrand .
FORTRAN CODE
c   improper integrals

      implicit real*8(a-h,o-z)

c      f(x,alfa)=dcos(x)*dexp(alfa*dlog(x))

      f(x,alfa)=dsin(x)*dexp(alfa*dlog(dsin(x)))

c      f(x,alfa)=dexp(-x+alfa*log(x))

      pi=2.d0*dasin(1.d0)

      alfa=1.d-3

      dalfa=alfa/10.d0

      x2=pi/2.d0

      nstep=20000

      dx=x2/dfloat(nstep)

      do 20  ia=1,10

      ai1=0.d0

      do 10 i=1,nstep,2

      x=dx*dfloat(i)

      ai1=ai1+(dx/3.d0)*(f(x-dx,alfa)+4.d0*f(x,alfa)+f(x+dx,alfa))

10    continue

      if(ia.ge.2)then

      deriv=(aint-ai1)/dalfa

      print 100,alfa,deriv

      endif

      aint=ai1

      alfa=alfa-dalfa

20    continue

100   format(2x,'alfa,deriv=',2(4x,d12.5))

      stop

      end
**************************************
I = ∫ sin(x) log (sin(x)) dx          0  ≤ x ≤ π/2
I= -0.3069 ( see reference)
  alfa,deriv=     0.90000E-03    -0.30659E+00

  alfa,deriv=     0.80000E-03    -0.30662E+00

  alfa,deriv=     0.70000E-03    -0.30665E+00

  alfa,deriv=     0.60000E-03    -0.30668E+00

  alfa,deriv=     0.50000E-03    -0.30670E+00

  alfa,deriv=     0.40000E-03    -0.30673E+00

  alfa,deriv=     0.30000E-03    -0.30676E+00

  alfa,deriv=     0.20000E-03    -0.30678E+00

  alfa,deriv=     0.10000E-03    -0.30681E+00
2.  I = ∫ cos(x) log (x) dx          0  ≤ x ≤ 1

I= -0.946083  (see reference)

  alfa,deriv=     0.90000E-03    -0.94402E+00

  alfa,deriv=     0.80000E-03    -0.94421E+00

  alfa,deriv=     0.70000E-03    -0.94441E+00

  alfa,deriv=     0.60000E-03    -0.94460E+00

  alfa,deriv=     0.50000E-03    -0.94480E+00

  alfa,deriv=     0.40000E-03    -0.94499E+00

  alfa,deriv=     0.30000E-03    -0.94519E+00

  alfa,deriv=     0.20000E-03    -0.94539E+00

  alfa,deriv=     0.10000E-03    -0.94558E+00
3. I =  ∫   exp(-x) log (x) dx           ,  0  ≤ x ≤ ∞

I = -0.5772  (see reference) 
  alfa,deriv=     0.90000E-03    -0.57367E+00

  alfa,deriv=     0.80000E-03    -0.57386E+00

  alfa,deriv=     0.70000E-03    -0.57406E+00

  alfa,deriv=     0.60000E-03    -0.57425E+00

  alfa,deriv=     0.50000E-03    -0.57445E+00

  alfa,deriv=     0.40000E-03    -0.57465E+00

  alfa,deriv=     0.30000E-03    -0.57484E+00

  alfa,deriv=     0.20000E-03    -0.57504E+00

  alfa,deriv=     0.10000E-03    -0.57523E+00

