Roots of the Bessel function of the first kind
by Reinaldo Baretti Machín
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The Bessel differential equation 
J'' + J' + (1 – (n/x)2 ) J = 0                       (1)

has the associated Sturm Liouville equation
y'' + y' + ( λ2 – (n/x)2 ) y = 0 .                   (2)

In eq (2) λ is an eigenvalue subject to the boundary condition.
The first n roots of Bessel functions of the first kind Jn (x) are just the first n eigenvalues   (λ 1 ,λ2 , …λ n ) of equation (2) if we impose the boundary condition   y(x=1) =0. The initial values at the origin the same as for eq(1). 
A Fortran code is provide below.The roots of Jn   … are calculated.
FORTRAN CODE

c Vibration of a circular membrane  ...circularly symmetric modes

c Ref. Morse & Feshbach - Methods of Theoretical Physics

c  Part II page 1114. Laplace operator in cylindrical coordinates

c intial condition  y ~ x**ene

      g(x,psi1,psi0)= -(1./x)*dx*(psi1-psi0) -dx**2*(ak**2-(ene/x)**2)

     $ *psi1

      ene=1.

      aki=0.

      akf=14.

      nk=100

      dk=(akf-aki)/float(nk)

      ak=aki

      x0=0.

c boundary conditions fro n=0 psi(0)=1., psi'(0.)=0. , psi(x=a)=0.

      do 10 ik=1,nk

c      psi0=1.

c      psi1=1.

c  initial conditions for n not equal zero

      psi0=x0**ene

      psi1=psi0 + dx

      al0=1./ak

c      nstep=5000

c      dx=1./float(nstep)

      dx=.001*al0

      nstep=int(1./dx)

      kprint=int(float(nstep)/60.)

      kount=kprint

c      print 120 , 0.,psi0

      do 20  i=2,nstep

      x=x0+dx*float(i)

      psi2=2.*psi1-psi0 + g(x-dx,psi1,psi0)

c      if(i.eq.kount)then

c      print 120,x,psi2

c      kount=kount+kprint

c      endif

      psi0=psi1

      psi1=psi2

20    continue

      print 100, ak,psi2

100   format(2x,'k,psi(x=a=1.)= ',  2(4x,e11.4) )

      ak=ak+dk

10    continue

120   format(2x,'x,psi=',2(4x,e11.4))

      stop

      end

Roots of  J0    are highlighted where Psi(x=1) changes sign , i.e. goes through 
a root.
Initial conditions are y0 (0) =1,   (dy0 /dx) 0 =0. 
 k,psi(x=a=1.)=      0.0000E+00     0.5893E-38

  k,psi(x=a=1.)=      0.1400E+00     0.9952E+00

  k,psi(x=a=1.)=      0.2800E+00     0.9810E+00

  k,psi(x=a=1.)=      0.4200E+00     0.9574E+00

  k,psi(x=a=1.)=      0.5600E+00     0.9245E+00

  k,psi(x=a=1.)=      0.7000E+00     0.8829E+00

  k,psi(x=a=1.)=      0.8400E+00     0.8332E+00

  k,psi(x=a=1.)=      0.9800E+00     0.7761E+00

  k,psi(x=a=1.)=      0.1120E+01     0.7125E+00

  k,psi(x=a=1.)=      0.1260E+01     0.6433E+00

  k,psi(x=a=1.)=      0.1400E+01     0.5694E+00

  k,psi(x=a=1.)=      0.1540E+01     0.4920E+00

  k,psi(x=a=1.)=      0.1680E+01     0.4121E+00

  k,psi(x=a=1.)=      0.1820E+01     0.3310E+00

  k,psi(x=a=1.)=      0.1960E+01     0.2496E+00

  k,psi(x=a=1.)=      0.2100E+01     0.1690E+00

  k,psi(x=a=1.)=      0.2240E+01     0.9051E-01

  k,psi(x=a=1.)=      0.2380E+01     0.1504E-01

  k,psi(x=a=1.)=      0.2520E+01    -0.5640E-01

  k,psi(x=a=1.)=      0.2660E+01    -0.1234E+00

  k,psi(x=a=1.)=      0.2800E+01    -0.1841E+00

  k,psi(x=a=1.)=      0.2940E+01    -0.2383E+00

  k,psi(x=a=1.)=      0.3080E+01    -0.2854E+00

  k,psi(x=a=1.)=      0.3220E+01    -0.3250E+00

  k,psi(x=a=1.)=      0.3360E+01    -0.3566E+00

  k,psi(x=a=1.)=      0.3500E+01    -0.3801E+00

  k,psi(x=a=1.)=      0.3640E+01    -0.3954E+00

  k,psi(x=a=1.)=      0.3780E+01    -0.4024E+00

  k,psi(x=a=1.)=      0.3920E+01    -0.4015E+00

  k,psi(x=a=1.)=      0.4060E+01    -0.3928E+00

  k,psi(x=a=1.)=      0.4200E+01    -0.3769E+00

  k,psi(x=a=1.)=      0.4340E+01    -0.3543E+00

  k,psi(x=a=1.)=      0.4480E+01    -0.3256E+00

  k,psi(x=a=1.)=      0.4620E+01    -0.2915E+00

  k,psi(x=a=1.)=      0.4760E+01    -0.2527E+00

  k,psi(x=a=1.)=      0.4900E+01    -0.2103E+00

  k,psi(x=a=1.)=      0.5040E+01    -0.1652E+00

  k,psi(x=a=1.)=      0.5180E+01    -0.1176E+00

  k,psi(x=a=1.)=      0.5320E+01    -0.6969E-01

  k,psi(x=a=1.)=      0.5460E+01    -0.2132E-01

  k,psi(x=a=1.)=      0.5600E+01     0.2625E-01

  k,psi(x=a=1.)=      0.5740E+01     0.7213E-01

  k,psi(x=a=1.)=      0.5880E+01     0.1155E+00

  k,psi(x=a=1.)=      0.6020E+01     0.1556E+00

  k,psi(x=a=1.)=      0.6160E+01     0.1918E+00

  k,psi(x=a=1.)=      0.6300E+01     0.2235E+00

  k,psi(x=a=1.)=      0.6440E+01     0.2502E+00

  k,psi(x=a=1.)=      0.6580E+01     0.2714E+00

  k,psi(x=a=1.)=      0.6720E+01     0.2869E+00

  k,psi(x=a=1.)=      0.6860E+01     0.2965E+00

  k,psi(x=a=1.)=      0.7000E+01     0.3003E+00

  k,psi(x=a=1.)=      0.7140E+01     0.2982E+00

  k,psi(x=a=1.)=      0.7280E+01     0.2904E+00

  k,psi(x=a=1.)=      0.7420E+01     0.2770E+00

  k,psi(x=a=1.)=      0.7560E+01     0.2586E+00

  k,psi(x=a=1.)=      0.7700E+01     0.2354E+00

  k,psi(x=a=1.)=      0.7840E+01     0.2082E+00

  k,psi(x=a=1.)=      0.7980E+01     0.1773E+00

  k,psi(x=a=1.)=      0.8120E+01     0.1436E+00

  k,psi(x=a=1.)=      0.8260E+01     0.1076E+00

  k,psi(x=a=1.)=      0.8400E+01     0.7019E-01

  k,psi(x=a=1.)=      0.8540E+01     0.3201E-01

  k,psi(x=a=1.)=      0.8680E+01    -0.6165E-02

  k,psi(x=a=1.)=      0.8820E+01    -0.4361E-01

  k,psi(x=a=1.)=      0.8960E+01    -0.7962E-01

  k,psi(x=a=1.)=      0.9100E+01    -0.1135E+00

  k,psi(x=a=1.)=      0.9240E+01    -0.1449E+00

  k,psi(x=a=1.)=      0.9380E+01    -0.1728E+00

  k,psi(x=a=1.)=      0.9520E+01    -0.1969E+00

  k,psi(x=a=1.)=      0.9660E+01    -0.2168E+00

  k,psi(x=a=1.)=      0.9800E+01    -0.2323E+00

  k,psi(x=a=1.)=      0.9940E+01    -0.2430E+00

  k,psi(x=a=1.)=      0.1008E+02    -0.2488E+00

  k,psi(x=a=1.)=      0.1022E+02    -0.2496E+00

  k,psi(x=a=1.)=      0.1036E+02    -0.2455E+00

  k,psi(x=a=1.)=      0.1050E+02    -0.2367E+00

  k,psi(x=a=1.)=      0.1064E+02    -0.2234E+00

  k,psi(x=a=1.)=      0.1078E+02    -0.2060E+00

  k,psi(x=a=1.)=      0.1092E+02    -0.1847E+00

  k,psi(x=a=1.)=      0.1106E+02    -0.1602E+00

  k,psi(x=a=1.)=      0.1120E+02    -0.1328E+00

  k,psi(x=a=1.)=      0.1134E+02    -0.1032E+00

  k,psi(x=a=1.)=      0.1148E+02    -0.7199E-01

  k,psi(x=a=1.)=      0.1162E+02    -0.3973E-01

  k,psi(x=a=1.)=      0.1176E+02    -0.7086E-02

  k,psi(x=a=1.)=      0.1190E+02     0.2531E-01

  k,psi(x=a=1.)=      0.1204E+02     0.5684E-01

  k,psi(x=a=1.)=      0.1218E+02     0.8689E-01

  k,psi(x=a=1.)=      0.1232E+02     0.1149E+00

  k,psi(x=a=1.)=      0.1246E+02     0.1404E+00

  k,psi(x=a=1.)=      0.1260E+02     0.1628E+00

  k,psi(x=a=1.)=      0.1274E+02     0.1819E+00

  k,psi(x=a=1.)=      0.1288E+02     0.1971E+00

  k,psi(x=a=1.)=      0.1302E+02     0.2084E+00

  k,psi(x=a=1.)=      0.1316E+02     0.2155E+00

  k,psi(x=a=1.)=      0.1330E+02     0.2183E+00

  k,psi(x=a=1.)=      0.1344E+02     0.2167E+00

  k,psi(x=a=1.)=      0.1358E+02     0.2109E+00

  k,psi(x=a=1.)=      0.1372E+02     0.2011E+00

  k,psi(x=a=1.)=      0.1386E+02     0.1875E+00
******************************************

ROOTS of    J1    . Initial conditions   y1 (0) = 0.   , (dy1 /dx) 0 =1.

The roots ( k-values) are read off where psi changes sign.

Theses values are highlighted.

  k,psi(x=a=1.)=      0.0000E+00     0.5893E-38

  k,psi(x=a=1.)=      0.1400E+00     0.1#QOE+01

  k,psi(x=a=1.)=      0.2800E+00     0.1973E+01

  k,psi(x=a=1.)=      0.4200E+00     0.1464E+01

  k,psi(x=a=1.)=      0.5600E+00     0.1280E+01

  k,psi(x=a=1.)=      0.7000E+00     0.1173E+01

  k,psi(x=a=1.)=      0.8400E+00     0.1096E+01

  k,psi(x=a=1.)=      0.9800E+00     0.1031E+01

  k,psi(x=a=1.)=      0.1120E+01     0.9719E+00

  k,psi(x=a=1.)=      0.1260E+01     0.9153E+00

  k,psi(x=a=1.)=      0.1400E+01     0.8596E+00

  k,psi(x=a=1.)=      0.1540E+01     0.8041E+00

  k,psi(x=a=1.)=      0.1680E+01     0.7480E+00

  k,psi(x=a=1.)=      0.1820E+01     0.6922E+00

  k,psi(x=a=1.)=      0.1960E+01     0.6352E+00

  k,psi(x=a=1.)=      0.2100E+01     0.5786E+00

  k,psi(x=a=1.)=      0.2240E+01     0.5233E+00

  k,psi(x=a=1.)=      0.2380E+01     0.4695E+00

  k,psi(x=a=1.)=      0.2520E+01     0.4128E+00

  k,psi(x=a=1.)=      0.2660E+01     0.3582E+00

  k,psi(x=a=1.)=      0.2800E+01     0.3110E+00

  k,psi(x=a=1.)=      0.2940E+01     0.2556E+00

  k,psi(x=a=1.)=      0.3080E+01     0.2138E+00

  k,psi(x=a=1.)=      0.3220E+01     0.1625E+00

  k,psi(x=a=1.)=      0.3360E+01     0.1216E+00

  k,psi(x=a=1.)=      0.3500E+01     0.8279E-01

  k,psi(x=a=1.)=      0.3640E+01     0.4303E-01

  k,psi(x=a=1.)=      0.3780E+01     0.1158E-01

  k,psi(x=a=1.)=      0.3920E+01    -0.1615E-01

  k,psi(x=a=1.)=      0.4060E+01    -0.4615E-01

  k,psi(x=a=1.)=      0.4200E+01    -0.7003E-01

  k,psi(x=a=1.)=      0.4340E+01    -0.8819E-01

  k,psi(x=a=1.)=      0.4480E+01    -0.1019E+00

  k,psi(x=a=1.)=      0.4620E+01    -0.1163E+00

  k,psi(x=a=1.)=      0.4760E+01    -0.1260E+00

  k,psi(x=a=1.)=      0.4900E+01    -0.1320E+00

  k,psi(x=a=1.)=      0.5040E+01    -0.1353E+00

  k,psi(x=a=1.)=      0.5180E+01    -0.1355E+00

  k,psi(x=a=1.)=      0.5320E+01    -0.1331E+00

  k,psi(x=a=1.)=      0.5460E+01    -0.1293E+00

  k,psi(x=a=1.)=      0.5600E+01    -0.1224E+00

  k,psi(x=a=1.)=      0.5740E+01    -0.1135E+00

  k,psi(x=a=1.)=      0.5880E+01    -0.1033E+00

  k,psi(x=a=1.)=      0.6020E+01    -0.9400E-01

  k,psi(x=a=1.)=      0.6160E+01    -0.8058E-01

  k,psi(x=a=1.)=      0.6300E+01    -0.6654E-01

  k,psi(x=a=1.)=      0.6440E+01    -0.5428E-01

  k,psi(x=a=1.)=      0.6580E+01    -0.4064E-01

  k,psi(x=a=1.)=      0.6720E+01    -0.2830E-01

  k,psi(x=a=1.)=      0.6860E+01    -0.1441E-01

  k,psi(x=a=1.)=      0.7000E+01    -0.1329E-02

  k,psi(x=a=1.)=      0.7140E+01     0.1140E-01

  k,psi(x=a=1.)=      0.7280E+01     0.2226E-01

  k,psi(x=a=1.)=      0.7420E+01     0.3086E-01

  k,psi(x=a=1.)=      0.7560E+01     0.3883E-01

  k,psi(x=a=1.)=      0.7700E+01     0.4746E-01

  k,psi(x=a=1.)=      0.7840E+01     0.5425E-01

  k,psi(x=a=1.)=      0.7980E+01     0.5912E-01

  k,psi(x=a=1.)=      0.8120E+01     0.6243E-01

  k,psi(x=a=1.)=      0.8260E+01     0.6460E-01

  k,psi(x=a=1.)=      0.8400E+01     0.6529E-01

  k,psi(x=a=1.)=      0.8540E+01     0.6475E-01

  k,psi(x=a=1.)=      0.8680E+01     0.6348E-01

  k,psi(x=a=1.)=      0.8820E+01     0.6144E-01

  k,psi(x=a=1.)=      0.8960E+01     0.5749E-01

  k,psi(x=a=1.)=      0.9100E+01     0.5226E-01

  k,psi(x=a=1.)=      0.9240E+01     0.4592E-01

  k,psi(x=a=1.)=      0.9380E+01     0.3932E-01

  k,psi(x=a=1.)=      0.9520E+01     0.3324E-01

  k,psi(x=a=1.)=      0.9660E+01     0.2654E-01

  k,psi(x=a=1.)=      0.9800E+01     0.2102E-01

  k,psi(x=a=1.)=      0.9940E+01     0.1245E-01

  k,psi(x=a=1.)=      0.1008E+02     0.4521E-02

  k,psi(x=a=1.)=      0.1022E+02    -0.2363E-02

  k,psi(x=a=1.)=      0.1036E+02    -0.9501E-02

  k,psi(x=a=1.)=      0.1050E+02    -0.1582E-01

  k,psi(x=a=1.)=      0.1064E+02    -0.2124E-01

  k,psi(x=a=1.)=      0.1078E+02    -0.2594E-01

  k,psi(x=a=1.)=      0.1092E+02    -0.2985E-01

  k,psi(x=a=1.)=      0.1106E+02    -0.3379E-01

  k,psi(x=a=1.)=      0.1120E+02    -0.3675E-01

  k,psi(x=a=1.)=      0.1134E+02    -0.3888E-01

  k,psi(x=a=1.)=      0.1148E+02    -0.4003E-01

  k,psi(x=a=1.)=      0.1162E+02    -0.4035E-01

  k,psi(x=a=1.)=      0.1176E+02    -0.4007E-01

  k,psi(x=a=1.)=      0.1190E+02    -0.3923E-01

  k,psi(x=a=1.)=      0.1204E+02    -0.3746E-01

  k,psi(x=a=1.)=      0.1218E+02    -0.3469E-01

  k,psi(x=a=1.)=      0.1232E+02    -0.3113E-01

  k,psi(x=a=1.)=      0.1246E+02    -0.2724E-01

  k,psi(x=a=1.)=      0.1260E+02    -0.2327E-01

  k,psi(x=a=1.)=      0.1274E+02    -0.1939E-01

  k,psi(x=a=1.)=      0.1288E+02    -0.1502E-01

  k,psi(x=a=1.)=      0.1302E+02    -0.1022E-01

  k,psi(x=a=1.)=      0.1316E+02    -0.5720E-02

  k,psi(x=a=1.)=      0.1330E+02    -0.1253E-02

  k,psi(x=a=1.)=      0.1344E+02     0.3354E-02

  k,psi(x=a=1.)=      0.1358E+02     0.8043E-02

  k,psi(x=a=1.)=      0.1372E+02     0.1215E-01

  k,psi(x=a=1.)=      0.1386E+02     0.1608E-01

